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ABSTRACT 

We  obtain  sharp  upper  and  lower  bounds  on  the  maximal  length  \s(n)  of  (n,  s)- 
Davenport-Schinzel  sequences,  i.e.  sequences  composed  of  n  symbols,  having  no 
two  adjacent  equal  elements,  and  containing  no  alternating  subsequence  of  length 

s+2.  We  show  that  (i)A4(n)  =  0(n-2a^),  (ii)  for  5  >  4,  A5(n)  <  n^M^+^M 
if  s  is  even  and  Xs(n)  <  n-2^n^  l«f(«(n))+c.(n)  jf  s  -1S  0dd;  where  Cs(n)  is  a  function 
of  a(n)  and  s,  asymptotically  smaller  than  the  main  term,  and  finally  (iii)  for  even 
values  of  s  >  4,  \,(n)  =a(n-  2A''(°W)i?2+<?s(nA  where  Kg  =  _i_  ^4  qs  is  a 

polynomial  in  a(n)  of  degree  at  most  *=^. 
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1      Introduction: 

In  this  paper  we  obtain  optimal  bounds  for  the  maximal  length  A4(n)  of  an  (n,  4) 
Davenport- Schinzel  Sequence  (a  DS(n,  4)  sequence  in  short),  and  then  extend  them 
to  improve  and  almost  tighten  the  lower  and  upper  bounds  for  \,{n),  s  >  4.  A 
DS(n,  .s)  sequence,  U  =  («j,  ...  ,  um)  is  a  sequence  composed  of  7?  distinct  symbols 
which  satisfies  thr  following  two  conditions: 

1.  Vi  <  m,  i/,  -/  u1+|. 

2.  There  do  not  exist  s  +  2  indices  1  <  i\  <  »2  ■  •  •  <  &s+2  <  m  such  that 

U:2   =  U,4   =  U{6  ■=    ■■■    =6 

and  a  ^  b. 

We  refer  to  s  as  the  order  of  the  sequence  U.  We  write  |J7|  =  m  for  the  length 
of  the  sequence  J7;  thus 

As(n)  =  maxll^l  :  C/is  a  DS(n,  s)  sequence}. 

Davenport- Schinzel  sequences  have  turned  out  to  be  of  central  significance  in  com- 
putational and  combinatorial  geometry  and  related  areas,  and  have  many  applica- 
tions in  diverse  areas  including  motion  planning,  shortest  path,  visibility,  transver- 
sals, Voronoi  diagrams,  arrangements  and  many  more;  see  [At],  [BS],  [CI],  [CS], 
[ES],  [GS],  [GSS],  [HS],  [KS],  [LS],  [OSY],  [PS],  [PSS],  [SS],  [WS].  It  is  shown 
[At]  that  DS{n,  s)  sequences  provide  a  combinatorial  characterization  of  the  lower 
envelope  of  n  continuous  univariate  functions,  each  pair  of  which  intersect  in  at 
most  6  points.  Thus  \3{n)  is  the  maximum  number  of  connected  portions  of  the 
graph  of  n  such  functions  which  constitute  their  lower  envelope.  Since  minimiza- 
tion of  functions  is  a  central  operation  in  many  geometric  and  other  combinatorial 
problems,  sharp  estimates  of  A5(n)  yield  sharp  and  often  near-optimal  bounds  for 
the  complexity  of  these  problems.  This,  combined  with  the  highly  non-trivial  and 
surprising  form  of  the  bounds  on  As(n),  as  given  below,  makes  Davenport-Schinzel 
sequences  a  very  powerful  and  versatile  tool. 

The  problem  of  estimating  A5(n)  has  been  studied  by  several  authors  [DS], 
[Da],  [RS],  [Sz],  [At],  [HS],  [Shi].  [Sh2].    It  is  easy  to  show  that  Aa(n)  =  n  and 
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X2(n)  =  2n  -  1.  Hart  and  Sharir  [HS]  have  shown  that  A^n)  =  Q(na(n)).  Here 
a(n)  is  a  functional  inverse  of  Ackermann's  function  and  is  very  slowly  growing. 
For  higher  order  sequences,  the  best  known  upper  bounds  are  due  to  Sharir  [Shi] 
and  have  the  following  form: 

Xs(n)  =  0(na(nf{a{n)"3))         for  s  >  4 

and  the  best  known  lower  bounds  are  [Sh2]: 

Wi(n)  =  n(n(a(n))s)         for  s  >  2 

Thus  for  s  >  4  there  has  still  been  a  gap  between  the  lower  and  upper  bounds  for 
As(n).  In  this  paper  we  first  establish  tight  upper  and  lower  bounds  for  A4(n)  and 
then  obtain  sharp,  and  almost  tight,  upper  and  lower  bounds  for  As(n)  for  higher 
values  of  5,  by  generalizing  the  techniques  used  in  the  case  of  A4(n). 
The  main  results  of  this  paper  are  as  follows: 

(i)   The  maximal  length  of  a.  DS(n,  4)  sequence  is 

A„(n)  =  0(h  •2"<n)). 

(ii)  An  upper  bound  on  the  maximal  length  of  a  DS(n,  s)  sequence  is 

w  x  ^  f  n  •  2W"W*!r+c»W  if  5  is  even 

K(n)  <  <  ,-3 

(    n  ■  2(°t"»"^  loS(o(n))+C.(n)      if  s  is  odd 

where  Cs(n)  is  a  function  of  a(n)  and  6.  For  a  fixed  value  of  s,  Cs(n)  is 
asymptotically  smaller  than  the  first  term  of  the  exponent  and  therefore  for 
sufficiently  (and  extremely)  large  values  of  n  the  first  term  of  the  exponent 
dominates. 

(iii)  A  lower  bound  on  the  maximal  length  of  a  DS(n,  s)  sequence  of  an  even  order 


is 


X3(n)  =  Q  (n  ■  2*'<*M)1*2+Q.(nA 


where  A's  =  (,l7)t  and  Qs(n)  is  a  polynomial  in  a(n)  of  degree  at  most 


2 
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Thus  our  lower  and  upper  bounds  axe  much  closer  than  the  previous  bounds 
although  they  are  still  not  tight.  For  even  s  they  are  almost  identical  except  for 
the  constant  Ks  and  the  lower  order  additive  terms  Cs(n),  Qs(n),  appearing  in  the 
exponents.  For  odd  s  the  gap  is  more  "substantial". 

The  proofs  are  fairly  complicated  and  involve  a  lot  of  technical  details.  For  the 
sake  of  exposition,  we  first  present  the  derivation  of  the  tight  bounds  for  A4(n), 
which  gives  the  general  flavor  of  the  techniques  used  in  establishing  the  bounds, 
but  is  relatively  much  simpler.  Then  we  generalize  these  techniques  for  higher 
values  of  s.  Another  reason  for  considering  A4(n)  separately  is  that  we  solve  the 
recurrence  relation  that  gives  an  upper  bound  for  A4(n)  in  a  slightly  more  "efficient" 
way,  which  enables  us  to  get  tight  bounds,  while  for  general  values  of  s,  where  no 
such  refinement  could  be  obtained,  the  proofs  are  slightly  different.  The  paper  is 
organized  as  follows:  In  section  2,  we  give  the  upper  bounds  for  \^(n);  in  section  3, 
we  construct  a  class  of  DS(n,  4)  sequences  and  prove  that,  their  length  is  n{ii-2"^); 
in  section  4,  we  prove  the  upper  bounds  for  general  values  of  5  and  finally  in  section 
5,  we  establish  our  lower  bounds  for  higher  values  of  s.  The  proofs  introduce  and 
exploit  several  variants  of  Ackermann's  functions.  A  large  technical  part  of  the 
proofs  involves  derivation  of  various  proprties  of  these  functions.  These  derivations 
have  been  grouped  into  several  appendices  at  the  end  of  the  paper. 
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2      The  Upper  Bound  for  A4(n): 

The  best  previously  known  upper  bound  for  A4(n)  was  0(n  ■  o^n)0^"^),  as  follows 
from  [Shi].  In  this  section  we  improve  his  bound  by  showing  that  A4(n)  =  0(n  ■ 
2o(n)). 

2.1      Decomposition  of  DS-sequences  into  Chains: 

We  begin  by  reviewing  some  definitions  and  facts  from  [Shi]. 

Definition:  Let  U  be  a  DS(n,s)  sequence,  and  let  1  <  i  <  s.  A  t-chain  c  is  a 
contiguous  subsequence  of  U  which  is  a  Davenport-Schinzel  sequence  of  order  t. 

Given  n,  s,  t  and  U  as  above,  we  partition  U  into  disjoint  i-chains,  proceeding 
from  left  to  right  in  the  following  inductive  manner.  Suppose  that  the  initial  portion 
(t*i,  •  •  •  » Vj)  of  U  has  already  been  decomposed  into  f-chains.  The  next  r-chain  in 
our  partitioning  is  then  the  largest  subsequence  of  U  of  the  form  (tij+i,  ...  ,  tifc) 
which  is  still  a  Davenport-Schinzel  sequence  of  order  t.  We  refer  to  this  partitioning 
as  the  canonical  decomposition  of  U  into  i-chains,  and  let  m  =  mt(U)  denote  the 
number  of  i-chains  in  this  decomposition. 

The  problem  of  obtaining  good  upper  bounds  for  the  quantities 

VsAn)  =  max{m((£/)  :  U  is  a£>S(n,s)  sequence  } 
seems  quite  hard  for  general  6  and  t.  Sharir  [Shi]  has  proved  the  following  result: 
Lemma  2.1   //.,,.,_, (n)  <  n  and  //,,,. 2(n)  <  2n  -  1. 

The  above  result  shows,  in  particular,  that  a  DS(n,4)  sequence  can  be  decomposed 
into  at  most  In  —  1  2-chains. 


Lemma  2.2  Given  a  DS(n,4)  sequence  U  composed  of  m  2-chains,  we  can  con- 
struct another  DS(n,4)  sequence  U'  composed  of  m  1-chams  such  that  \U'\  > 
l(\U\-m). 

Proof:  Replace  each  2-chain  c  by  a  1-chain  c'  composed  of  the  same  symbols 
of  c  in  the  order  of  their  leftmost  appearances  in  c.  Since  A2(n)  =  2n  -  1,  we  have 
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|c'|  >  ||c|  +  L  Take  the  concatenation  of  all  these  1-chains,  erasing  each  first 
element  of  a  chain  that  is  equal  to  its  preceding  element.  The  resulting  sequence 
U'  is  clearly  a  D5(n,4)  sequence  composed  of  at  most  m  1-chains,  whose  length  is 
\U'\  >  ±\U\  +  f  -m=  I(|t/|_m). 


Definition:  Let  n,  m  and  s  be  positive  integers.  We  denote  by  ^(m,??)  the 
maximum  length  of  a  DS(n,  s)  sequence  composed  of  at  most  m  t-chains.  lit  =  1, 
we  denote  it  by  ty3(m,  n)  also. 

Corollary  2.3  A4(n)  <  2*4(2n  -  1,  n)+2n-  1. 

Proof:  The  proof  directly  follows  from  Lemma  2.1  and  2.2. 

n 


The  main  result  of  this  section  is  that  $ 4(771,  n)  =  0((m  +  n)  •  2Q'm').  This 
upper  bound  for  ^(m,  n)  in  conjunction  with  Corollary  2.3  gives  the  desired  upper 
bound  for  A4(n). 

2.2      Some  Properties  of  Ackermann's  Function  and  Related 
Functions: 

Before  proving  the  main  result,  we  prove  certain  properties  of  Ackermann's  func- 
tion and  some  auxiliary  functions  which  we  need  in  establishing  the  desired  upper 
bound.  For  a  more  basic  review  of  Ackermann's  function  see  [HS]. 

We  first  review  the  definition  of  Ackermann's  function.  Let  Af  be  the  set  of 
positive  integers  1,2,.. ..  Given  a  function  g  from  a  set  into  itself,  denote  by  g(s> 
the  composition  go  go  ■  •  -og  of  g  with  itself  5  times,  for  s  £  A/".  Define  inductively 
a  sequence  {Ak}^  of  functions  from  M  into  itself  as  follows: 

Ai(n)     =     2n, 

Ak(n)      =     A(&(1),  k>2 
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for  all  n  6  Af.  Note  that  for  all  k  >  2,  the  function  Ak  satisfies 


Afc(l)     =     2, 

Afc(n)     =     Afc-i(il*(n  - 1)),         n>2. 


_2 
)2" 


In  particular  Ai{n)  =  2"  and  ^3(71)  =    2  with  n  2's  in  the  exponential 

tower.  Finally,  Ackermann's  function  is  defined  as: 

-4(7,.)  =  An(n). 

For  any  (weakly)  monotone  function  g  :   Af  — *  Af  its  functional  inverse  7(n)  is 
defined  as 

y(n)  =  min{;   :  g(j)  >  n] 

Let  en  and  a  denote  the  functional  inverses  of  Ak  and  A,  respectively.  Then,  for 
all  n  6  Af,  the  functions  ajt(n)  are  given  by  the  following  recursive  formula: 

ak(n)  =  min{.s  >  1  :  aj^i^n)  =  1); 

that  is,  ajt(n)  is  the  number  of  iterations  of  (Xk-i  needed  to  go  from  n  to  1. 

All  the  functions  ajt(n)  are  non-decreasing,  and  converge  to  infinity  with  their 
argument.  The  same  holds  for  a(n)  too,  which  grows  more  slowly  than  any  of  the 
ajb(n). 

The  following  property,  which  follows  immediately  from  the  above  definitions, 
will  be  used  in  the  sequel 

aa{n)(n)  <  a(n).  (2.1) 

In  the  following  lemmas  we  prove  some  more  properties  of  Ak(n)  and  other 
auxiliary  functions  ft  kin)  defined  holow.  The  proof  of  tlirw  lrmnuw  mr  givi-n  in 
the  Appendix  1  as  these  proofs  arc;  somewhat  technical  and  they  are  not  required 
in  the  proofs  of  the  main  lemmas. 

Lemma  2.4  For  all  k  >  1,  Ak(2)  =  4  and  Ak(3)  >  2k. 

The  above  lemma  implies  that  afc(4)  =  2  and  ak(k)  <  ah(2k)  <  3  for  all  k  >  1. 
We  use  these  results  in  the  next  lemma. 

Lemma  2.5  For  all  n>l,  oo(n)+1(n)  <  4. 


2     THE  UPPER  BOUND  FOR  A4(N): 

Lemma  2.6  For  all  k  >  4  and  s  >  3, 

2^'W  <  Afc-^logCAkCa))) 

Lemma  2.7  Let  &(n)  6e  2°*(n).    T/ten  /or  fc  >  3,  n  >  Afc+1(4), 

min{s' >1  :  ^''(n)  <  Afc+1(4)}  <  2  •  ak+1(n)  -  2 


We  define  a  sequence  of  functions  /?jt(n)  which  axe  related  to  the  inverse  Ack- 
erman  functions  as  follows: 

Pi(n)  =  Qi(n) 
/32(n)  =  a2(n) 
ft(n)     -     min  {  s  >  1  :  (a*-,  •  &-i)(5)(n)  <  64} 

The  functions  /3;t(n)  are  non-decreasing,  and  converge  to  infinity  with  their  argu- 
ment. Note  that 

0s(n)  =  min{s  >  1  :   ([log]2)(s)(n)  <  64} 

In  the  next  lemma  we  give  an  upper  bound  on  ftk(n)  which  shows  that  they  grow 
at  the  same  rate  as  0-^(7?). 

Lemma  2.8  For  all  k  >  1,  n  >  2,  (3k(n)  <  2ak(n). 

2.3      Upper  Bound  For  \J>4(m,  n): 

In  this  subsection  we  establish  an  upper  bound  on  the  maximal  length  ty4(m,  n) 
of  an  (n,  4)  Davenport  Schinzel  sequence  composed  of  at  most  m  1-chains.  The 
following  lemma  is  a  refinement  of  proposition  4.1  of  [Shi]. 

Lemma  2.9  Let  m,n  >  1,  and  1  <  b  <  m  be  integers.   Then  for  any  ■partitioning 
b 

m  =  2jm,  with  mi,  ■■■  ,"^6   >    1  there  exist  integers  n* ,  ni,ri2,  ■  ■  ■  ,  rib   >   0  such 

that 

b 

n*  +  2jn« '  =  n' 

1=1 
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and 

b 

*4(m,  n)  <  ^  #4(m„  n,-)  +  2#4(6,  n*)  +  #3(m,  2n*)  +  3m  (2.2) 

«=i 

Proof:  Let  U  be  a  DS(n,  4)-sequence  consisting  of  at  most  m  1-chains  Cj,  ...  ,  cm 

6 

such  that  \U\  =  ^(m,  n),  and  let  m  =  ^m,  be  a  partitioning  of  m  as  above. 

Partition  the  sequence  U  into  b  layers  (i.e.  contiguous  subsequences)  L\,  ...  ,  Lf,  so 

that  the  layer  Lx  consists  of  m,  1-chains.   Call  a  symbol  a  internal  to  layer  Li  if 

all  the  occurrences  of  a  in  U  are  within  L,-.   A  symbol  will  be  called  external  if  it 

is  not  internal  to  any  layer.  Suppose  that  there  are  n<  internal  symbols  in  layer  L, 

b 

and  n*  external  symbols  (thus  n*  +  >^n,  =  n). 

i  =  l 

To  estimate  the  total  number  of  occurrences  in  U  of  symbols  that  are  internal 
to  L{,  we  proceed  as  follows.  Erase  from  L%  all  external  symbols.  Next  scan  L, 
from  left  to  right  and  erase  each  element  which  has  become  equal  to  the  element, 
immediately  preceding  it.  This  leaves  us  with  a.  sequence  L*  which  is  clearly  a. 
DS(nt,  4)  sequence  consisting  of  at  most  ?u,  1-chains,  and  thus  its  length  is  at 
most  $4(77-1,,  n,).  Moreover,  if  two  equal  internal  elements  in  Li  have  become 
adjacent  after  erasing  the  external  symbols,  then  these  two  elements  must  have 
belonged  to  two  distinct  1-chains,  thus  the  total  number  of  deletions  of  internal 
symbols  is  at  most  777,-1. 

Hence,  summing  over  all  layers,  we  conclude  that  the  total  contribution  of 
internal  symbols  to  \U\  is  at  most 

b 

777-  b  +  53$4(m,-,  "')• 

i=l 

We  estimate  the  total  number  of  occurrences  of  external  symbols  in  two  parts. 
For  each  layer  Z,,,  call  an  external  symbol  a  middle  symbol  if  it  neither  starts  in 
Li  nor  ends  in  Lx.  If  an  external  symbol  is  not  a  middle  symbol,  call  it  an  end 
symbol.  An  external  symbol  appears  as  an  end  symbol  exactly  in  two  layers.  First 
we  estimate  the  contribution  of  middle  symbols.  For  each  layer  L,  erase  all  internal 
symbols  and  end  symbols  and  if  necessary,  also  erase  each  occurrence  of  a  middle 
symbol  which  has  become  equal  to  the  element  immediately  preceding  it.  The 
above  process  deletes  at  most  m,  -  1  middle  symbols.  Let  us  denote  the  resultant, 
sequence  by  L*. 
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We  claim  that  the  L*  is  a  DS(pt,  2)  sequence,  where  pi  is  the  number  of  distinct 
symbols  in  L*.  Suppose  the  contrary;  then  L*  has  a  subsequence  of  the  form 


where  a  and  b  are  two  distinct  symbols  of  L*.  But  they  are  middle  symbols,  i.e. 
each  appears  in  a  layer  before  L*  as  well  as  in  a  layer  after  L*.  This  implies  that 
U  has  a  subsequence  of  the  form 

(b  ...  a)  ...  a  ...  b  .  .  .  a  ...  b  ...  (6  ...  a) 

in  which  each  of  the  first  and  last  pairs  may  appear  in  reverse  order.  But  this 
alternation  of  length  >  6  contradicts  the  fact  that  U  is  a  DS(n,  4)  sequence. 
Therefore,  L*  is  a  D5(p,-,  2)  sequence.  Thus,  the  concatenation  of  all  sequences 
L*,  with  the  additional  possible  deletions  of  any  first  element  of  L*  which  happens 
to  be  equal  to  the  last  element  of  L*_t,  is  a  DS(n*,  4)  sequence  V  composed  of  b 
2-chains,  and  it  follows  from  (2.2)  that  we  can  replace  this  sequence  by  another 
DS(n*,  4)  sequence  V*  composed  of  b  1-chains  so  that  \V\  <  2\V*\  +  b.  Hence, 
the  contribution  of  middle  symbols  to  \U\  is  at  most 

2*4(6,  n*)  +  m  +  b 

Now,  we  consider  the  contribution  of  end  symbols.  For  each  layer  L,,  erase  all 
internal  symbols  and  middle  symbols  and  if  nrrnssa.ry  also  erase  each  occurrence 
of  an  end  symbol  if  it  is  equal  to  the  element  immediately  preceding  it.  We  erase 
at  most  m,  —  1  end  symbols.  Let  us  denote  the  resultant  sequence  by  Lf .  Let 
qi  be  the  number  of  distinct  symbols  in  Lf .  We  claim  that  L*  is  a  DS(qi,  3) 
sequence.  Indeed,  if  this  were  not  the  case,  Lf  would  have  contained  an  alternating 
subsequence  of  the  form 

a  ...  b  ...  a  ...  b  ...  a 

Since  6  is  an  external  symbol,  it  also  appears  in  a  sequence  L*  other  than  L* . 
But  then  U  has  an  alternation  of  length  six  which  is  impossible.  Hence,  L*  is  a 
DS(g,-,  3)  sequence  consisting  of  m,  1-chains,  so  its  length  is  at  most  ^(m;,  qi). 
Summing  over  all  the  layers,  the  contribution  of  the  end  symbols  is  at  most 


6  b 

™  +  J2  ^3(m„  9l)  <  m  +  #3(m,  J2  ») 
t=i  t'=i 
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But  an  external  symbol  appears  as  an  end  symbol  only  in  two  layers,  therefore 

b 

y]qi  =  2n*.  Hence,  the  total  contribution  of  external  symbols  is  at  most 


t=i 


2m  +  b  +  2#4(6,  n*)  +  *3(m,  2n*) 
Thus,  we  obtain  the  asserted  inequality: 

6 

*4(m,  n)  <  Y^  *4(m,,  n.)  +  3m  +  *3(m,  2n*)  +  2$4(6,  n*) 

:  =  1 


Lemma  2.10  Let  n,  m  >  1,  k  >  2.    Then 
*4(m,  n)  <  (y  2fc  -  4fc  -  ll)m  •  Qjt(m)  •  fa(m)  +  (y  •  2k  -  4k  -  8)  •  n    (2.3) 

Proof:  We  use  equation  2.2  repeatedly  to  obtain  the  above  upper  bounds  for 
k  =  2,3,.  .  At  each  stop  wr  choose  h  appropriately  and  estimate  ST'4(/>,  7;*)  using 
a  technique  similar  to  that  in  [HS]  and  [Shi].  At  the  kth  step  we  refine  the  bound 
of  ^(m,  2n*)  using  the  inequality 

\&3(m,  n)  <  4km  ■  ak(jn)  +  2kn 

obtained  in  [HS]. 

We  proceed  by  double  induction  on  k  and  m.  Initially  k  =  2,  m  >  1,  and 
Pk(m)  =  ak(m)  =  [logm].  Choose  6  =  2,  mx  =  \f  I,  m2  =  ff  1  in  the  equation 
(2.2): 

tf4(6,  n*)  =  *4(2,  n*)   =  2n* 
for  all  n*,  and  <S>3(m,2n*)  is 


<  Sm  [log  m]  +  8n* 


so  the  equation  (2.2)  becomes 
$4(m,  n)     =      $4 

<        ^4 


772 

> 

T    /[ 

m" 

~2. 

,   n2 

+  *4( 

~2 

m 

> 

T    / 

~m~ 

2 

,n1; 

+  *<( 

2 

n2 J  +  12?7*  +  3m  +  8m  [logm] 
,  n2)  +  12r?*  +  11m  [logm] 
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where  n  —  ri\  +  rii  +  n*.  The  solution  of  the  above  equation  is  easily  seen  to  be 

V*(m,n)     <     llm([logm])2  +  12n 

=     11m  ■  a2(m)  •  fcijn)  +  12n 


15 


,21 


<     (--  •  2*  -  4k  -  11)  ■  mak{m)  ■  0k(m)  +  (—  •  2*  -  4k  -  8)  •  n 

For  /:  >  2  and  m  <  64  the  inequality  holds  because  ^(m,  n)  <  64n  which  is  less 
than  the  right  hand  side  of  the  inequality. 

For  k  >  2  and  m  >  64,  assume  that  the  inductive  hypothesis  is  true  for  all 
k'  <  k  and  m'  >  1  and  for  k'  =  k  and  m!  <  m;  choose 


t  = 


orjfc_i(m)  ■  pk-\{m) 


an 


d  6  = 


772 
t 


ak(m) 
For  m  >  64  and  k  >  2,  0^(777)  >  2  and  rvfc_i(m)  •  /?fc_  1(7;))   <    flogm]2;  thus 


r  < 


«rioSml' 


<  m—  1. 


Suppose  m  =  b  •  t  +  r,  then  for  the  first  r  layers  L\,  ...  ,Lr  choose  m,-  =  t  +  1  and 
for  the  remaining  layers  choose  m,  =  r;  therefore  m;  <  i  +  1  <  m  for  all  i. 
By  induction  hypothesis  (for  k  —  1  and  6)  we  have 

*4(6,  n*)     <     (^•2<fc-1)-4(fc-l)-ll)6-afc_1(6)-/?,_1(6) 


.21 


+     (^•2(fc-1)  -4(fc-l)  -8) 


But 


Since  clearly  b  <  m,  we  have 


6     < 


< 


m 


n 


m 


at-i(m)-<?t.i(m) 
ayc(m) 

m  •  0^(777,) 
ofc_i(m)  •  /5fc_i(m) 


*4(6,  «*)  <  (  y  •  2""1'  -4(*  -  1)  -  11)  •  mak(m)  +  (^  •  2(fc"^  -4(ifc  -  1)  -  8)  ■  n* 

Since  each  777,   <  777,  by  inductive  hypothesis  (for  k  —  1   and  777,)  equation  (2.3) 
becomes 

V4(m,n)     <     2  •  (^- •  2(i"-1)  -  4(Jb-l)  -11)  ■mak(m)  + 
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2.(?i.2(>:-1)-4(yt-l)-8)-n*  + 

4fcm  •  ak{m)  +  4kn*  +  3m  + 
6     '  15 


.21 


£  ((^  •  2k  -  4k  -  11)  •  mt  •  afc(mt)  ■  f3k(m,)  +  (—  •  2k  -  4k  -  8)n, 
The  value  of  /3k(mt)  can  be  estimated  as  follows: 


rv*_i(m)  •  ftk-  i('"' 


/'a 
<    & 


afc_;i(m)  -  f3k_i(m) 


Qfc(m) 


+  2 


But  for  all  7Ti  >  4,  a/fe(m)  >  3  (and  afc_i(m)  •  (3k-i{m)  >  3  too)  and  for  x  >  3,y  > 
3,  -  +  2  <  x,  therefore 


Pkirrii)     <     /3fc(ttfc_i(m)  •  /?fc_i(m)) 
=     #t(m)-l 


which  implies 


15 


*4(m,  n)     <     (—  •  2*  -  4k  -  11)  •  o*(m)  •  (/5jt(m)  -  1)  •  £  m,-  + 

»=i 

(T-2*-4fc-ll)-m-afc(m)  + 
(2L2*-4fc-8).(2>  +  n*) 
=     (  —  ■  2*  -  4t  -  ll)m  •  ak(m)0k(m)  +  (^  •  2*  -  4k  -  %)n 


because  }rn.j  =  m  and  n*  +  X^n'  =  "• 


t=i 


i=i 


Theorem  2.11 


V4(m,n)  =  0((m  +  n)-2Q(m); 
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Proof:  By  Lemma  2.8,  /?fc(m)  <  2ak(m),  therefore 

#4(m,  n)  <  2  •  (—  •  2fc  -  4fc  -  ll)m  •  (ofc(m))2  +  (—  •  2*  -  4fc  -  8)  •  n 

Choose  k  =  cr(m)  +  1.  By  Lcmnm  2.5,  n„(,„)  +  |(ii/)  <  4.  Substituting  this  value  of 
k  in  the  nliovc  inocjuality  we  get 

tf  4(m,  n)     <     2  •  ~  2o(m)+1  ■  m  ■  16  +  —  ■  2o(m)+1  •  n 

=     (480m  +  21n)  •  2a(m)  (2.4) 

Therefore, 

*4(m,  n)  =  0((m  +  n)-2Q(m)) 

D 


Corollary  2.3  therefore  yields: 
Theorem  2.12 


A4(n)  =  0(n-2a(n)) 
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3      The  Lower  Bound  for  A4(n): 

In  this  section  we  establish  the  matching  lower  bound  for  A4(n)    =    Q(n  •  2Q^n^) 
which  improves  the  previous  bounds  given  by  [Sh2]. 

Our  construction  is  based  on  a  doubly  inductive  process  which  some  what 
resembles  that  of  [WS].  In  this  construction  we  use  a  sequence  of  functions  Fk(m) 
which  grow  faster  than  Ak(m)  but  nevertheless  asymptotically  at  the  same  rate. 

3.1       The  Functions  Fjc(m)  and  Their  Properties: 

Define  inductively  a  sequence  {Fk}'^.^   of  functions  from  the  set  A/"  to  itself  as 
follows: 

-Fi(m)     =     1,  m  >  1, 

Fk(l)      =     (2k-l)Fk^(2k-'),  k  >  2, 

Fjfc(m)    =     2Fk(m-l)-Fk-i(Fk(m-l)),      k  >  2,  m  >  1. 

Here  are  some  properties  of  Fk(m). 


(P.l)  F2(m)  =  3-2m-J   >  A2( 


Til 


(P.2)   Each  function  Fk(in)  is  strictly  increasing  in  in  for  all  k  >  2. 
Thus  Fjfe(m)  >  m  +  1  and  p  ■  Fk{m)  <  Fk(p  ■  m)  Vifc  >  2. 

(P.3)   {FA:(m)}^1  is  strictly  increasing  for  a  fixed  m  >  1. 

(P.4)  Fjfe(m)  >  Afc(m)  for  jb  >  2,  m  >  1. 

(P.5)  2F*<m)  <  Ajt(m  +  4)  for  jb  >  3,  m  >  1. 

(P.6)  Hence,  Ak(m)  <  Fk(m)  <  Ak(m  +  4)Vk  >  3. 

(P.3)-(P.5)  are  proved  in  Appendix  2.   We  will  also  use  an  auxiliary  sequence 
{■Wfc}ik>i  °f  functions  defined  on  the  integers  as  follows 

jVi(m)      =     m,  m  >   1, 

JV*(1)       =     AW2*-1),  fc  >  2, 

JVfc(ro)     =     2Nk(m-l)-Fk-l(Fk(m-l))+Nk-1(Fk(m-l))      k  >  2,m  >  1. 
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3.2   The  Sequence  Sk(m): 

We  use  a  doubly  inductive  construction  similar  to  that  of  A3(n).  That  is,  for  each 
pair  of  integers  k,m  >  1  we  define  a  sequence  Sk(m)  so  that 

(i)  Sk(m)  is  composed  of  Nk(m)  symbols; 

(ii)  Sk(m)  is  the  concatenation  of  Fk(m)  fans,  where  each  fan  is  composed  of  m 
distinct  symbols  Oj ,  ...  ,  am  and  has  the  form 

{ai  a2  ■■■  am_!  amam_;i  •••  a2ax) 

so  its  length  is  2m  —  1  (we  call  m  the  fan  size  ); 

(iii)  Sk(m)  is  a  Davenport  Schinzel  sequence  of  order  4. 

The  doubly  inductive  definition  of  Sk(m)  proceeds  as  follows. 

I.  5] (771)  =  (12  •••  m  —  1  m  m  —  1   •••  21)  for  each  m  >  1. 

II.  Sjt(l)  is  the  sequence  Sk-i(2k-1);  each  fan  of  length  2k  -  1  in  Sk^(2k-1)  is 

regarded  in  Sk(l)  as  2k  —  1  fans  of  size  (and  length)  1. 


III.  To  obtain  Sk(m)  for  k  >  1,  m  >  1,  we  proceed  as  follows. 

(a)  Construct  5'  =  S,t(m  —  1).  5'  has  F^(m  —  1)  fans,  each  of  size  m  —  1. 

(b)  Create  2i7i:_1(i7fc(m  —  1))  distinct  copies  of  S'  (with  pairwise  disjoint  sets 

of  symbols).  These  copies  have  2Fk(m  —  1)  •  Fk-1(Fk(m  —  1))  =  Fk(m) 
fans  altogether. 

(c)  Construct  5*  =  Sjfc_i(FA(m  -  1)).   5*  has  F*_i(.Ffc(m  -  1))  fans,  each  of 

size  Fk(m  —  1).  Duplicate  the  middle  element  of  each  fan  of  5*.  The 
total  length  of  the  modified  5*  is  2Fk{m  -  1)  •  Fk^(Fk(m  -  1))  =  Fk(m). 

(d)  For  each  0    <    Fk^(Fk(m  -  1)),  merge  the  0th  expanded  fan  of  the 

modified  S*  with  the  (2/?  -  l)"1  and  the  (2/3)th  copies  of  5',  by  inserting 
the  ath  element  of  the  first  half  (resp.  the  second  half)  of  the  fan  into 
the  middle  place  of  the  oth  fan  of  the  (2/3  -  l)th  (resp.  the  (2/?)"1)  copy 
of  5',  for  rnrh  n  <  Fl(ti  —  1 ),  thereby  duplicating  tlir  formerly  middle 
element  of  each  of  these  fans. 
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(e)  Sjfc(m)  is  just  the  concatenation  of  all  these  modified  copies  of  5'. 
Theorem  3.1   Sjt(m)  satisfies  conditions  (i)-(iii)  stated  above. 

Proof:  By  double  induction  on  k  and  m.  Clearly  Si(m)  satisfies  these  condi- 
tions for  each  m  >  1.  For  arbitrary  k,  m,  condition  (i)  is  a  direct  consequence  of 
the  inductive  construction  and  definition  of  Nk(m). 

As  to  condition  (ii),  the  inductive  construction  and  definition  of  Fk(m)  imply 
that  Sk(m)  is  the  concatenation  of  Fk(m)  fans.  That  each  fan  consists  of  m  distinct 
symbols  and  has  the  required  form  also  follows  from  the  inductive  construction  of 
the  sequences. 

As  to  condition  (iii),  we  first,  observe  that  no  pair  of  adjacent  elements  of  Sk(rn) 
can  be  identical.  Indeed,  by  the  induction  hypothesis  this  is  the  case  for  each  copy 
of  S'  and  for  S*.  The  only  duplications  of  adjacent  elements  which  are  effected  by 
our  construction  is  of  the  middle  elements  of  all  the  fans  of  the  copies  of  5'  and  of 
S*.  However,  in  Sjt(m),  an  element  of  S*  is  inserted  between  the  two  duplicated 
appearances  of  the  middle  element  of  each  fan  of  any  copy  of  5',  and  the  two 
duplicated  appearances  of  the  middle  element  of  a  fan  of  S*  are  inserted  into  two 
different  fans  in  two  different  copies  of  S'.  Thus  Sk(rn)  contains  no  pair  of  adjacent 
equal  elements. 

We  also  claim  that  Sjt(m)  does  not  contain  an  alternation  of  the  form 

a  •'•  b  •••  a  •"  b  •••  a  •••  b 

for  any  pair  of  distinct  symbols  a  and  b.  Indeed,  by  the  induction  hypothesis  this 
holds  if  both  a  and  b  belong  to  S*  or  if  both  belong  to  the  same  copy  of  5'.  If  a 
and  b  belong  to  two  different  copies  of  S'  then  these  two  copies  are  not  interspersed 
at  all  in  Sk(rn).  The  only  remaining  cases  are  when  a  belongs  to  S*  and  b  to  some 
copy  S'p  of  S'  or  vice  versa.  In  the  first  case  only  a  single  appearance  of  a  (in 
the  first  or  second  half  of  the  corresponding  fan  of  S*)  is  inserted  into  SL  so  the 
largest  possible  alternation  between  a  and  h  in  Sk{m)  is  a  •  •  •  h  ■  ■  ■  a  ■  ■  ■  b  ■  ■  ■  a. 
This  same  observation  rules  out  the  latter  possibility  (o  belongs  to  S^  and  h  to 
S*).  Thus  it  follows  by  induction  that  Sk(m)  is  a  Davenport  Schinzel  sequence  of 
order  4. 
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It,  remains  to  estimate  the  length  15^(7?;)!  of  Sk(m)  as  a  function  of  its  number 
of  symbols  Nk(m).   Clearly 


|5fc(m)|         (2m-l)Fk(m] 


Nk(m)  Nk(m) 

Nk(m) 
To  bound  this  from  below,  we  will  obtain  an  upper  bound  on  — — — -,  as  follows. 

Fk{m) 

Theorem  3.2   — - — -  <  m  ■  Dk,  where  Dk  =  JJc,  for  k  >  1  and 

1 
Cj  =   0         i  for  j   >   1. 


Proof:    For  k  =  1  we  have  D\  —  C\  =  1  and  -—7 — -    =    m     =   m  •  D\,  as 

Fi(m) 

required. 

For  fc  >  1  and  m  =  1  we  have 

JVfc(l)  ^-,(2fc-') 

ft(l)  (2*"-  lj>V_7(2*~'"j) 

9/t-i 


=    Ck-Dk-i   =  I'D 


k 


as  required. 

For  k  >  1  and  m  >  1  we  have 


Wfc(m)  A^(m  -  1)  1  Nk-i(Fk(m  -  1)) 

F,(m)  Ffc(m-1)        2Ffc(m  -  1)  '  F^F^m  -  1)) 

=  (m  -  1)£>*  +  -Dk-i 

<  m  •  Dk  (because  |  <  c^). 
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D 


Corollary  3.3 


\Sk(m)\         2m  -1       fc     ~  1_ 

JV*(m)    "        m  /i/         &' 


Proof:  By  Theorem  3.2, 


«„.)!    £    SLLl.i^i.^      1}) 


iVfc(m)  m-Dit  m         f* 

2m -1     _t    ^.  . 
m 


LTTl  —   1  ,       rr,  J-   x 


D 


J=l 

(the  limit  of  the  last  infinite  product  is  easily  seen  to  be  positive). 

Theorem  3.4 

A4(n)  =  0(n  •  2o(n)) 


Proof:  Put  /?  =   JJ  (1  -  X).   Clearly  0  <  0  <  1.  Theorem  3.2  and  property 
(P.7)  imply  Nk(l)  <  Fk(l)  <  Ak{5)  for  all  k  >  3.  Hence  for  each  k  >  5  we  have 

n*  =  W*(l)   <  A*(fc)  =  A(ifc) 

so  that  a(nk)    <    k.    On  the  other  hand,  the  sequence  {n*}jt>i  is  easily  seen  to 
converge  to  infinity.  Thus,  for  any  given  n,  we  find  k  such  that 

nk  <  n  <  nk+1 

Assume  with  out  loss  of  generality  that  k  >  4.  Put  t  —   I  ^- 1  so  that 

t-nk  <  n  <  (t  +  1)  -nk  <  It  -nk. 
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Clearly,  A4(n)     >     t\4(nk)  >  t  ■  \Sk(l)\ 

>  /3t-nk-2k  (by  Corollary  3.3) 

>  -n-2 

But  a{n)  <  a(njt+i)  <  k  +  1  so  that  k  >  a(n)  —  1,  and  we  thus  have 

A4(n)  >  -n-2a(n) 

for  all  n  >  AT4(1).  For  smaller  values  of  n  we  have  a(n)  <  5,  /3  <  |,  so  we  have  to 
show  that  A4(n)  >  3n,  which  is  easily  checked  to  hold  for  all  n  >  3.  For  n  =  1,2 
the  asserted  inequality  is  trivial,  thus  we  have  for  each  v   >  1 

A4(n)  >  -u-2o(n)   =   ft(n-2o(n)) 

D 


Corollary  3.5  A4(n)  =  9(n-2Q(n'). 

Proof:    The  above  relation  immediately  follows  from  the  results  of  Theo- 
rem 2.12  and  3.4. 
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4      The  Upper  Bounds  for  As(n): 

In  this  section  we  extend  the  approach  of  section  2  to  obtain  improved  upper 
bounds  for  X,(n).  In  particular,  we  show  that 

,    x        f  n  ■  2(o(n))^r+CMn)  if  sis  even  ,,  ,. 

A,(n)  <  <  -a  (4.1) 

[  n  •  2(fy(n))-7~  •"KM"))+r'H     if  ,s  is  odd 

where  C,(n)  satisfies  the  following  bound 


6  if  s  =  3 

11  ifs  =  4 

O  ((a(n))Lr~  •  log(a(n))J  if  s  >  4  is  even 

0{(a(n)y^r)  if  s  >  3  is  odd 


3  +  s  <  C,(n) 


A  more  precise  definition  of  Cs(n)  is  given  in  (4.4). 

In  [DS]  ,  [At],  it  has  been  proved  that  A5(n)  <  n(n~1)  .5  +  1,    por  n  <  4  anc[ 
6  >  3  we  can  directly  verify  that 

A,(n)  <n-2(a(n))^+c'(n). 

For  4  <  n  <  16  we  have  a(n)  >  2  and 

A,(n)     <     8s -n         =   23+logs-n 

<     n.22ii-+3+s  <  n  .  2(°(n))^+c"(n). 

Thus  for  n  <  16,  A,(n)  satisfies  the  desired  inequality.  Therefore,  we  restrict  our 
attention  to  77.  >  16.  It  can  be  easily  verified  that  the  above  inequality  holds  for 
.s  =  3  and  .s  =  4.  For  .s  =  3,  Hart  and  Sharir  [IIS]  proved  that 

A3(n)     <  52  -na{n) 

=  n  ■  21°s52+los(°'(Tl)) 

<  n  ■  26+los(°(n)) 

=  n  .  2Ios(°("))+c'3(n) 

For  s  =  4,  the  equation  2.4  actually  gives,  for  n  >  16 

A4(n)     <     211  •  n  ■  2°<n> 
=    n  ■  20(n>+C4(n) 
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For  s  >  4,  we  prove  the  desired  upper  bound  (4.1)  for  A„(n)  by  induction  on  s. 
In  this  section,  apart,  from  the  Ackermann's  function,  we  need  some  more  func- 
tions defined  in  terms  of  rv(n).   Lot  {r,}.>2  lie  n  sequence  of  functions  defined  on 
AT  by: 

r,n)  =  J  (<*("))  J  if  5  is  even  ^  ^ 

\  (a(n))i2_  •  log(a(n))      if  5  is  odd 

Therefore,  T2(n)  =  1,  T3(n)  =  log(a(n))  and  for  all  s  >  4,  r,(n)  =  Ts_2(n)  •  a(n). 
We  define  {Cs(n)}s>3  as  follows: 

C(n)  =E<-r,(n)  (4.4) 

i=2 

where  af  is  a  constant  depending  on  the  value  of  i  and  s  and  is  defined  recursively 
as  follows: 

a\  =  6        a2  =  11        a\  =  0 

and  for  5  >  4 

r  a*Z^  +  1  if  i  =  s  -  1 

<C22  +  a*"1      if  3  <  i  <  s  -  1  (4.5) 


a.   =   < 


a 


3-1 


if  i  <  3 


and  finally,  let  II5(n)  be 

II,(n)  =  2r'(n)+c'(n)         for  ,s  >  3  (4.6) 

Note  that  for  each  fixed  n,  {ns(n)}5>3  is  increasing  and  for  each  fixed  s,  {Tls(n)}n>i 
is  also  increasing.  From  the  definition  of  IIs(n)  it  follows  that  to  prove  the  desired 
upper  bound  for  A3(rz),  we  have  to  show  that 

Aj(n)  <  n  •  IIs(n). 

4.1      Upper  Bounds  For  \&s(m,  n): 

In  this  subsection  we  establish  an  upper  bound  on  the  maximal  length  V&s(m,  n) 
of  an  (n,  s)  of  Davenport-Schinzel  sequence  composed  of  at  most  m  1-chains  and 
having  maximal  length.  The  following  lemma  is  a  (somewhat  modified)  extension 
of  Lemma  2.9. 
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Lemma  4.1   Let  m,  n  >  1  and  1  <  b  <  m  be  integers.    Then  for  any  partitioning 

b 
m  -  yjrrii  with  mu  ...  ,mb  >  1  there  exist  integers  n* ,  nun2,  ...  ,nb  >  0  such 

that 

b 

n*  +  53  n,-  =  n 

i=l 

and 

b 
*,(m,  n)  <  *r2(fti  "*)  +  2  •  *,-i(m,  re*)  +4m  +  ^  *,(m:,  re,)  (4.7) 

Proof:  The  proof  given  in  Lemma  2.9  can  be  extended  to  handle  the  general  case. 
Let  U  be  a  DS(n,  s)-sequence  consisting  of  at  most  m  1-chains  c1?  ...  ,  cm  such 
that  \U\  =  ^..(m,  n).  Partition  the  sequence  into  b  layers  (i.e.  disjoint  contiguous 
subsequences)  Iq,  ...  ,  Lb  so  that  the  layer  X,-  consists  of  m,  chains.  Call  a  symbol 
a  internal  or  external  as  in  Lemma  2.9.  Suppose  there  axe  n,  internal  symbols  in 
layer  L,,  and  re*  external  symbols  (thus  n*  +  Yl,=\  ni  =  7')- 

Usinp;  tlio  snmr  nrgumont  as  in  Lnmmn.  2.9  wr  ran  rIiow  that,  tlir  total  roiilri 
bution  of  internal  symbols  to  \U\  is  at  most 

6 
m  -  b  +  Y^^s(m,,  re,). 

i  =  l 

We  bound  the  total  number  of  occurrences  of  external  symbols  in  three  parts 
instead  of  two  as  in  Lemma  2.9.  For  each  layer  L,-,  call  an  external  symbol  a  a 
starting  symbol  if  its  first  (i.e.  leftmost)  occurrence  is  in  L,-,  an  ending  symbol  if 
its  last  (i.e.  rightmost)  occurrence  is  in  L,-,  and  a  middle  symbol  if  it  is  neither  a 
starting  nor  an  ending  symbol.  An  external  symbol  appears  as  a  starting  symbol 
or  an  ending  symbol  exactly  in  one  layer.  First  we  estimate  the  total  number  of 
occurrences  of  middle  symbols.  For  each  layer  £>,  erase  all  internal  symbols,  starting 
symbols  and  ending  symbols.  Also  erase  each  occurrence  of  a  middle  symbol  which 
has  become  equal  to  the  element  immediately  preceding  it  (there  are  at  most  m,  —  1 
such  erasures).  Let  us  denote  the  resultant  sequence  by  L*. 

By  generalizing  the  argument  given  in  the  proof  of  Lemma  2.9,  it  can  be  easily 
shown  that  L*  is  a  DS(p,,  s  —  2)  sequence.  Thus  the  concatenation  of  all  sequences 
£*,  with  the  additional  possible  deletions  of  any  first  element  of  L*  which  happens 
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to  be  equal  to  the  last  element  of  L*_x,  is  a  DS(n*,  s)  sequence  composed  of  6 
(s  —  2)-chains,  and  therefore  the  contribution  of  the  middle  symbols  is  at  most 

Now,  consider  the  contribution  of  the  starting  external  symbols.  For  each 
layer  L*,  erase  all  internal  symbols,  middle  symbols  and  ending  symbols  and  if 
necessary  also  erase  each  occurrence  of  a  starting  symbol  if  it  is  equal  to  the 
element  immediately  preceding  it.  The  above  process  deletes  at  most  m,— 1  starting 
symbols.  Let  us  denote  the  resultant  sequence  by  L]  .  Let  q,  be  the  number  of 
distinct  symbols  in  L* .  We  claim  that  L*  is  a  DS(g,,  5  —  1)  sequence.  Indeed,  if 
it  were  not  the  case,  L*  would  have  contained  an  alternating  sequence  of  the  form 


a           h 

a    .  . 

.   a 

b 

»+i 

a        b 

a  . . 

.    b 

a 

if  5  is  odd  and 

a        b 

s+l 

if  s  is  even.  Since  b  and  a  are  external  symbols  and  their  first  appearance  is  in 
L* ,  they  also  appear  in  some  layers  after  L* .  But  then  U  contains  an  alternation 
of  a  and  b  having  length  5  +  2,  which  is  impossible.  Hence  L]  is  a  DS(qx,  5  —  1) 
sequence  consisting  of  m,  1-chains,  so  its  length  is  at  most  ^/.^(m,-,  5;).  Summing 
over  all  the  layers,  the  contribution  of  starting  symbols  is  at  most 

6  b 

m  +  ^2^s^(mi,  qi)  <m  +  ^s_i(m,  ]Tg{) 

But  an  external  symbol  appears  as  a  starting  symbol  only  in  one  layer,  therefore 
b 

y~^$i  =  n*.  Hence  the  total  contribution  of  starting  symbols  is  bounded  by 

m  +  ^,_!(m,  n*) 

Since  the  railing  symbols  me  syiniiicl.iic  l.o  I. he  sl.arl.ing  symbols,  the  same 
bound  holds  for  the  number  of  appearances  of  ending  symbols  also.  Therefore  the 
total  contribution  of  the  external  symbols  is  bounded  by 

3m  +  2  •  $3_i(m,  n)  +  ^{b,  n*) 
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Thus  we  obtain  the  desired  inequality 

6 

*,(m,  n)  <  *;_2(&-  n*)  +  2-*._i(m,  n*)  +  Am  +  £  #,(mt,  n.) 

.-i 

D 


Remark:  Note  that  in  the  above  proof,  we  estimate  the  contribution  of  ex- 
ternal symbols  in  three  parts  instead  of  two  as  in  Lemma  2.9.  The  reason  is  that 
while  the  treatment  of  starting  and  ending  external  symbols  as  a  single  case  can  be 
extended  to  even  values  of  5,  it  fails  for  odd  values,  because  the  resulting  sequence 
L*  might  be  of  order  5  rather  than  5  —  1,  e.g.  if  a  is  a  starting  symbol  and  b  is  an 
ending  symbol,  then  it  is  possible  that  a  and  b  have  5  +  1  alternations  in  the  layer 
Li  (starting  with  a  and  ending  with  6).  That  is  why,  in  general,  partitioning  the 
external  symbols  into  two  parts  is  not  enough.  Also  the  extra  overhead  for  even 
values  of  5  is  negligible. 

The  proof  of  our  upper  bound  proceeds  by  induction  on  5.  The  base  cases  5  =  3 
and  5  =  4  have  already  been  discussed  above.  Let  5  >  4  and  suppose  the  upper 
bound  holds  for  each  t  <  s,  i.e.  A,(n)  <  n  ■  Tlt(n).  Before  giving  the  solution  of  the 
equation  4.7,  we  bound  ^(m,  n)  in  terms  of  ^s(m,  n). 

Lemma  4.2   Let  m,n  >  1  and  3  <  t  <  s  be  inteqcru;  then 

*i(m,  n)  <  n«(n)  •  <Mm,  n)  +  (777  -  1)  ■  Ut(n) 

Proof:  This  lemma  is  basically  a  generalization  of  Lemma  2.2.  Let  U  be  a 
DS(n,  s)  sequence  composed  of  m  ^-chains  and  having  maximal  length.  Replace 
each  chain  c,  of  U  by  the  1-chain  c't  composed  of  the  same  symbols  in  the  order  of 
their  leftmost  appearance  in  c,-.  Since  by  the  inductive  hypothesis  A4(n)  <  n-TIt(n), 
we  have  |c,-|  <  \c\\  ■  Ht(n).  Construct  another  sequence  U'  by  concatenating  all  the 
1-chains  c'{  and  erasing  each  first  symbol  of  c't  which  is  equal  to  its  immediately 
preceding  element.  It  is  clear  that  U'  is  a  DS(n,  s)  sequence  composed  of  at  most 

m 

m  1-chains  and  its  length  is  at  least  Y^|c(-|  —  (m  —  1).  Therefore 


••K»)*Ha55-gM-(m-i) 
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But,  *i(m,  n)  =  J2\c'\-  Thus 
t=i 

*l(m,  n)  <  nt(n)  •  *,(m,  n)  +  (m  -  1)  •  IL.(n) 


Corollary  4.3 

A,(n)  <  *3(2n  -  1,  n)  •  IIs_2(n)  +  (2n  -  2)  •  TIs_2(n)  (4.8) 

Proof:  The  proof  directly  follows  from  Lemma  2.1  and  4.2. 
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Lemma  4.4   Let  777,n  >  1,  and  k  >  2.    Thru. 

*,(m,  n)  <  ?k(n)  ■  m  ■  ak(m)  +  Qk{n)  ■  n  ,  (4.9) 

where  Tk{n)  and  Qk{n)  are  defined  recursively  as  follows: 

*>(«)  =  4 

^(n)  =  2ns_2(n)-J-,_1(n)  +  (ns_2(n)  +  4)  (4.10) 

£2(n)  =  5ns_:(n) 

&(n)  =  n,_2(n)-^_1(n)  +  2ns_1(n)  (4.11) 

Proof:  ^s(m,  n)  <  Aa(n),  therefore  ^s_i(m,  n*)  <  n*  •  IIs_i(n*).  If  we  replace 
^s_i(m,  n*)  by  this  bound  in  the  equation  (4.7)  and  also  replace  tyss~2(b,  n*)  by 
the  right  hand  side  of  the  bound  of  lemma  4.2,  we  get: 

Vs(m,n)     <     n5_2(n*)-^5(6,  n*)  +  (6-l)-n,_2(n*)  +  4m+ 

2n*.n,_1(n*)  +  ]T>,(m,-,nO  (4'12) 

1=1 

We  use  the  equation  (4.12)  repeatedly  to  obtain  the  desired  bound  for  k  =  2,  3, 

At  each  step  we  choose  b  appropriately  and  estimate  VI; .,(/>,  r?*)  using  a  technique 

similar  to  Lemma  2.10. 
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We  proceed  by  double  induction  on  k  and  m.  Initially  k  —  2,  and  ak(m)  =  log  m 
for  m  >  1.  For  fc  =  2  choose  6  =  2,  mi  =  [yj  and  m2  =  [y]  in  the  equation  (4.12); 
*,(&,  n*)  =  #s(2,  n*)  =  2n*  for  all  n*  so  (4.12)  becomes 

V,(m,n)     <    *,(LfJ,ni)  +  *.([fl,n2)  +  n,_2(n*)+4m+ 

2n*-(ns_!(n*)  +  n5_2(n*)) 

n*-(2ns_!(n*)  +  3n,_2(n*)) 

where  n  =  ni  -f  n2  +  n*.  The  solution  of  this  recurrence  relation  is  easily  seen  to 
be 

*,(m,  n)  <4m-  [logm]  +  n(2II,_i(n)  +  3II,_2(n)) 

Since  71,    |(/i)  >  71,   2(u),  f'"'  ^  ~"  2  vvr  luivr 

<J>s(m,  n)     <     4m  •  [logm]  +  5n  •  IIs_i(n) 
=     m  ■  ^(n)  ■  a2{m)  +  Q2(n)  ■  n 

as  asserted.  For  k  >  2  and  m  <  16  the  inequality  (4.9)  obviously  holds  as 
^5(m,  n)  <  16n  and  the  right  hand  side  of  (4.9)  is  >  16n.  Now  suppose  that 
k  >  2  and  m  >  16  and  that  the  inductive  hypothesis  holds  for  all  k'  <  k  and 
m'  >  1  and  for  k'  =  k  and  for  all  m'  <  m.  Choose  i  =  |"°"=-^(m)j ,  and  6  =  [f\ .  For 
k  >  2,  Qi_i(m)  <  [logm];  thus 


i  < 


[log  m] 


<  m  -  1. 


Suppose  m  =  6  •  t  +  r,  then  any  DS(n,  s)  sequence  J7  composed  of  m  1-chains  can 
be  decomposed  into  b  layers,  Lu  . . .  ,Lb  containing  mu  . . .  ,mb  1-chains,  so  that 
m,  =  <  +  1  for  i  <  r  and  m,  =  f  for  the  remaining  layers;  therefore  m, <  t  +  1  <  m 
for  all  i.  By  induction  hypothesis  (for  fc  —  1  and  6)  we  have 

*.(&,n*)  <  ^fc-i(n*)-6.afc_1(6)  +  a*-i(n*)-n* 

But 

.  m  m 

o     < 


^  [ot_)(m) 

«       '  2 

2m 
afc-i(m) 
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Clearly  b  <  m,  therefore  ak-i(b)  <  ak-i(m)  and  we  have 

#,(&,  n*)  <  ^(n*)  •  2m  +  Gk-i(n*)  ■  n* 
Since  each  m,  <  m,  by  inductive  hypothesis: 

6  b 

]T  #„(m,-,  ?7,)     <     52  (^(n')  •  rn<  ■  <n-(m.)  +  0*("-.)  •  ".) 


1=1 


i=i 


The  value  of  0-/5(7/1,)  can  be  estimated  as  follows: 

o^_!(m) 


+  1 

Now  for  m  >  16,  ak-i(m)  >  3  and  then  it  is  easy  to  check  that 

ak-i(rn) 


Thus 


which  implies 


+  1  <  ak-i(m). 


ak(ms)     <     ak(ak-i(m)) 

=     ak(m)  -  1 


6  6 

Y2  y3(m,,  n.)     <     Y,  [Fk(ni)  •  m,  •  (ak(m)  -  1)  +  Qk(n,)  ■  n,-] 
1=1  t=i 

b 
<      ni  ■  Tk{n)  ■  (nk{vi)  -  1)  +  0k(n.)  •  ^  71, 


If  we  substitute  these  values  of  ^s(b,  n*)  and  J^  ^(m,-,  n,)  in  (4.12)  and  using  the 

i 

fact  that  b  <  m,  we  get 

*.(m,  n)     <     n,_2(n)  •  [^b_i(n)  •  2m  +  Gk-i(n)  •  n*]  + 

(n,_2(7i)  +  4)  •  m  +  2n*  •  il,_i(n)  + 

b 
Fk{n)  ■  m(ak(m)  -  1)  +  9k(n)  ■  ^n, 

«=i 
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<     [2II,_2(n)  •  *i_i(n)  +  (na_2(n)  -f  4)]  •  m  + 

[n,_2(77)-Ct_1(n)  +  2n,_1(n)]-n+  + 

^(n)  •  »n(ot(m)  -  1)  +  Gkiji)  •  Y^n, 

:  =  1 

which  by  definition  of  Tk{n)  and  Gk(n)  is 

6 

*«(m,  n)     <     ^jt(n)  •  mak(m)  +  Gk(n)  ■  (n*  +  ^  n.) 
=     ^jfe(n)  •  mafc(m)  +  £jt(n)  •  n 

Hence,  the  lemma  is  true. 

□ 

Lemma  4.5   For  k  >  2  Tk(n)  and  £jt(n)  satisfy  the  following  inequalities: 

Tk{n)  <  5-(2ns_2(n))fc"2  (4.13) 

ft(n)  <  6n._!(n)  •  (IL_2(n))fc"2  (4.14) 

Proof:  It  is  not  difficult  to  sor  that  n  recurrence  relation  of  the  form 

T(2)     =     c 

T(Jfc)     =     aT(fc  -  1)  +  6 

has  the  following  solution 

ofc-2  -  1 

T(fc)  =  c  ■  a""2  + •  b 

a  —  1 

The  recursive  definition  of  J-k{n)  given  in  (4.10)  has  the  same  form  with  a  = 
2ns_2(n),  b  =  (ns_2(n)  +  4)  and  c  =  4.  Therefore 


,(2ns_2(n))/:-2-l 
^k(n)     <     4-(2ns_2(n))t-!  +  -1  /  J  -(n5.2(n)  +  4) 

[2Ils_2(n)  -  1] 
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But  for  x  >  5  g*^  <  1.  Since  IL,_2(n)  >  5,  we  get 


Tkip)  <  5-(2n,_2(n))/c-2 

Similarly,  the  recursive  definition  of  Gk(n)  given  in  (4.11)  also  has  the  same  form 
with  a  =  ns_2(n),  b  —  2n3_i(n)  and  c  =  511,-1  (n).  Hence 

f(n5_2(n))fc-2  -  ll 

Gk(n)     <     SB-tin)  •  (n5_2(n))fc-2  +  [V  \  J  ■  2n._1(n) 

[lls_2(n)  -  lj 

Since  na_2(n)  >  4,  ^^^  <  1,  we  get 

&(n)  <  6na_!(n)  •  (n4_2(n))fc-2 

D 


Theorem  4.G   For  .s  >  2,  ii  >  1 

As(n)  <  n  •  Tis(n) 

Proof:  If  we  substitute  k  =  a(n)  in  (4.9)  we  get 

*s(m,  n)     <     J"Q(„)(n)  •mao(n)(m)  +  £Q(n)(n)  ■  n 

Now  we  can  use  the  corollary  4.3  to  bound  As(n).    Substitute  the  above  value  of 
\£ s(m,  n)  in  the  equation  (4.8): 

A.(n)     <     ns_2(n)  •  ^«(„)(n)  •  (2n  -  1)  ■  aa(n)(2n  -  1)  + 
n,_2(n)  •  J?a(«)(n)  ■  n  +  (2n  -  2)  ■  ns_2(n) 

For  fc  >  2,  ak(2n)  <  (<Xk(n)  +  1)  and  aa(n)(n)  <  a(n),  so  we  have 

\.(n)     <     n-n5_2(n)-  [2^a(n)(n)-(a(n)  +  l)  +  ^(n)(n)  +  2] 

n 


<     n  ■  IIs_2(n)  •    4JFa(n)(n)  ■  a(n)  +  Ga(n)( 
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After  substituting  the  values  of  Ta{n)(n)  and  G0(n){n)  from  (4.13)  and  (4.14),  the 
above  inequality  becomes 

As(n)     <     n-n,_2(n)-    [4  •  5(2Ii^2(n)r^-2  ■  a(n)+ 

6(ns_2(n)rW-2.ns_1(„)] 

<     n  •  (n,.2(n))a(n)-1  •  [5a(n)  •  2o(n)  +  QIL^n) 

Since  for  all  5  >  4, 

ns_1(n)>n4(n)  =  2°("»+s, 

we  get 

[5^1  +  6 
A.(n)  <  n-(nj_2(n))a(B>.n._,(n) 


n,_,(n) 

But  for  n,  >  16,  n,_2(n)  >  n3(n)  =  64a(n),  therefore 

A.(n)     <     n.(n,_2(n))a(n)-n,_i(n)         =  n  •  2* 

Putting  the  value  of  TL3-i  and  ns_2  from  (4.6)  we  get 

»-3 


T?     =     r,_2(n)-a(n)  +  £ar2-rt(n)-a(n)  + 

t=2 

^^(nO  +  ^ar'-r^n) 


t=2 

But  by  definition,  I\(n)  •  a(n)  =  r,+2(n),  therefore 

tf     =     r,(n)  +  X:Gr2-r,+2(n)  +  rs_1(n)  +  X:ar1-r)(n) 

«=2  i=2 

=     r.(n)  +  (1  +  a°-_l)  •  r,_j(n)  +  £(<£:|  +  a*-1)  ■  r,(n)  + 

1=4 

ar1-r3(n)  +  or1  -r2(n) 

=     rs(n)  +  X>f-r,(n) 

1=2 
=     r\(n)  +  Cs(n) 

Thus,  we  get  the  desired  upper  bound  for  Xs(n). 
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Corollary  4.7   For  .s  >  2  and  for  sufficiently  large  n 

\s(n)  =  n-2r'W-(1+°^ 

Proof:  We  have  already  shown  that  the  above  equality  holds  for  s  <  4.  Therefore, 
we  assume  that  s  >  4.  By  the  definition  of  Ts,  for  all  i  <  s 

n^°°  Ts(n) 
Thus 

lim  F~TT  =  ° 


so  that 


\,(n)     <     n-2r'W<i+£$) 
_    n  .  2r.(n)(i+o(i)) 


which  completes  the  proof. 


n 


Remarks: 

(i)  The  above  proof  of  the  upper  bound  is  similar  to  the  one  given  by  Sharir 
in  [Shi].  The  main  difference  between  the  two  proofs  is  that  he  estimated 
the  contribution  of  the  external  symbols  by  dividing  them  into  two  parts: 
starting  symbols  and  non-starting  symbols  while  we  divide  them  into  three 
parts  starting,  middle  and  ending  which  allows  us  to  write  tys(m,  n)  in  terms 
of  $s-2(b,  n*)  instead  of  tys-i(b,  n*).  Since  we  go  two  steps  down  at  a  time 
instead  of  one,  we  get  a  new  a(n)  term  in  the  exponent  only  after  increasing 
the  value  of  s  by  2  instead  of  every  step.  Moreover,  in  our  bounds,  we  do  not 
have  any  log(a(n))  term  for  even  values  of  s,  i.e.  the  base  of  the  exponent  in 
this  case  is  2,  not  a(n). 
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(ii)  Note  that  in  equation  4.12  we  approximate  \Ps_i(7n,  n)  to  A:s_1(n)  instead  of 
substituting  the  bound  achieved  from  (4.12)  inductively  as  we  do  in  the  case 
of  5  =  4.  If  we  substitute  ^3_i(m,  n)  by  (4.12)  instead  of  approximating  it  to 
A,_i(n),  we  can  improve  the  upper  bound  for  \a(n)  a  little  bit  by  optimizing 
the  polynomial  C3(n),  however  it  does  not  affect  the  leading  term  and  also 
as  we  will  see  in  the  next  section,  even  then  the  bounds  we  obtain  still  do 
not  match  our  lower  bounds.  Moreover,  the  proof  also  becomes  much  more 
complicated. 
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5      The  Lower  Bounds  for  As(n): 

In  this  section  we  establish  the  lower  bounds  for  As(n).  We  show  that  for  n  >  A(7) 
and  even  ,s  >  6, 

where  Ks    =    7=77  and  Qs  is  a  polynomial  in  a(n)  of  degree  at  most  s—  defined 

later  in  this  section.  These  bounds  improve  significantly  the  previous  lower  bounds 
given  by  Sharir  [Sh2]  and  almost  match  the  upper  bounds  given  in  the  previous 
section  for  even  values  of  5. 

The  proof  of  this  bound  is  quite  similar  to  the  proof  of  the  lower  bound  for 
s  =  4,  only  it  is  more  complicated.  Before  we  give  the  proof,  we  will  need  to 
define  several  functions  which  behave  similarly  to  the  Ackermann  function,  and 
prove  certain  properties  about,  them.  We  will  then  define  a  collection  of  Davenport 
Schinzel  sequences  S^(m)  of  order  5  that  realize  our  lower  bounds. 

5.1      The  Functions  F£(m),  N£(m),  F£(m)  and  their  proper- 
ties 


For  the  lower  bounds  we  will  need  two  classes  of  functions  that  grow  faster  than 
Ackermann's  functions  though  roughly  at  the  same  rate.  These  functions,  F£(m) 
and  JV£(m),  are  defined  for  integral  k  >  1,  integral  m  >  1  and  even  s  >  2.  N£(m) 
gives  the  number  of  symbols  composing  the  sequence  S%(m),  and  F£(m)  gives  the 
number  of  fans  in  S%(m)  (see  below  for  more  details).  These  functions  are  defined 
inductively  by  the  following  equations. 

F{(m)     =     1  m  >  1,  s  >  2 

Fl{m)     =     1  m  >  1,  k  >  1 

FS(1)      =     (2k-l)-F^2l(2k-')-FU(Nr-^k-1))  k>2,s>4 

F£(m)     =     2F^m-l).F^(F^m-l)).FU^Z2A^(rn-l)))       m^2>^2< 

.1  >  4 
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N?(m)    =    m  m  >  1,  5  >  2 

N£(m)    =    m  m  >  1,  fc  >  1 

WjJ(l)      =    iVfc5_1(iV^(2fc-1))  fe>2,5>4 

2N'k(m  -  1)  •  F£?(*S(m  -  1))  •  ^(^(^(m  -  1)))       m  -  2'  ^ 

For  .s  =  4,  those  formulas  define  the  functions  Fk(m)  and  Nk(vi)  that  wr  used  in 
tho  lower  bounds  for  A.,(r; ). 

We  will  now  state  several  facts  about  the  functions  Fk{m)  and  N£(m).  Their 
proofs  are  given  in  Appendix  3.  Notice  that  it  is  clear  from  the  definitions  that 
these  functions  are  always  positive  integers. 


Fact  5.1:  For  m  >  2,  Fsk(m)  >  Fk°(m  -  1). 
Fact  5.2:  For  m  >  2,  Nsk(m)  >  Nsk(m  -  1). 

These  facts  are  trivially  true  when  k  =  1  or  5  =  2.    For  k  >  1  we  see  that 
F£(m)  >  2Fak{m  -  1)  and  Nsk{m)  >  2N°k(m  -  1). 

Recall  the  product  Dk  we  used  in  the  lower  bound  for  5  =  4.  We  will  also  need 
it  in  this  bound,  as  well  as  some  of  its  properties.  The  definition  of  Dk  was 

fc      oj-i 

^  =  n 


.7  =  1 

We  need 

Fact  5.3:  For  fc  >  2,  Dk   <  2~{k-2l 

Another  function  that  we  need  is  P(k,s),  defined  on  positive  integers  k  and 
even  positive  integers  s,  as  follows 


*m-|(v) 


where  we  define  the  binomial  coefficient  [    ,    J  to  be  0  if  a  <  b. 
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Fact  5.4:  For  /t  >  2, 

P(k,,)  =  f^P(i,s-2)  +  k-2. 

1=1 


We  now  hIiow 
Lemma  5.1 


Proof:  We  will  actually  show  that 


N^m)   <m.2-p™  (5.1) 


mm) 


<  m-DJt-2-n=7^.-2))  (5. 


Facts  5.3  and  5.4  above  show  that  this  implies  Lemma  5.1.  The  proof  of  this  lemma 
will  be  by  induction.  During  the  induction,  we  use  both  this  inequality  and  the 
one  stated  in  the  lemma  for  smaller  values  of  s,  k  and  m. 

We  prove  that  the  inequality  holds  for  m,  fc,  and  s,  assuming  that  it  holds  for 
m',  k'  and  s'  whenever  s'  <  s,  or  k'  <  k  and  s'  =  s,  or  m!  <  m,  k'  =  k  and  s'  =  s. 

Case  1:  5  =  4.  In  this  case  P(i,  s  —  2)  =  0  for  i  >  1,  so  we  have  to  show 

which  is  what  we  have  shown  in  Theorem  3.2. 

Case  2:  k  =  1.  In  this  case 

^a(m) 

— — — -     =     m   =   m  •  1 

*?(m) 

=     m-A    =   m-2-p(1'3-2' 

Case  3:  m  —  1.  We  have 

^(1)  NU(N'kll(2k-i)) 


*]?(!)  (2*  -  1)  •  l^Ci (2«)  -  fSL1(A2l?(2*-1)) 
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<      gag^J Dw.rsr^ 

-     (2*-l).F-2(2^) 
(Using  equation  5.2) 

~~     2k  -  1 

(Using  equation  5.1) 


Case  4:  m  >  1. 

We  have 


A^(m)  ^(^(^'(m-l))) 

Ffc'(m)  2Ffc'(m  -  1)  •  Ftf(F£(m  -  1))  •  FUW3(F£(™  "  1))) 

JVg(m  -  1) 

Ffc'(m  -  1) 

iV-2(Ffc"(m-l))  0-^-r(,,-2, 

-  2*J(t>i  -  1)  •  F^F^vi  -  l)j       fe_l 

(m-l)-Dfc-2-^="lp(,'s-2) 
(Using  equation  5.2) 

—  2 

(m-l)-Dfc-2-^=.lp(,'5-2) 
(Using  equation  5.1) 
<     m-Dk -2-^:1^-2) 

since  — ^r1  <  Dt. 


+ 


D 


We  must  still  relate  the  functions  F£  to  the  Ackermann's  function.  We  will  do 
this  by  using  limit  functions  F£(m)  such  that  F£(m)  >  F£(m)  for  all  s.  We  define 
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the  limit  function  F£(m)  by 

F?(m)     =     1  m  >  1 

Fr(l)       =     (2*  -  1)  •  F^*-1)  •  F^_1(2fc-1  •  F^_1(2fc-1))  A;  >  2 

F^(m)     =     2-Fr(m-l)-Ffc-_1(Fr(m-l))-^_1(^(m-l)-^_1(Fr(m-l))) 

m  >  2,  fc  >  2 

We  will  now  show 

Lemma  5.2  For  all  s,  F£(m)  >  F£(m). 

Proof:  See  Appendix  3  for  the  proof. 


We  will  now  need  to  prove  various  facts  about  the  functions  F" . 

Fact  5.5:  F?{m)  =  3- 2'"-'. 

This  follows  from  the  definitions:  substituting  F"(m)  =  1  in  the  recursions, 
we  get  F?(m)  =  2  •  F?(m  -  1)  and  F?(l)  =  3. 

Fact  5.6:  For  k  >  2,  2a  ■  F£(m)  <  F%{m  +  a). 

This  follows  from  F£(m)    >    2  •  F£(m  -  1)  which  is  immediate  from  the 

definition  of  F£ . 

Since  2a  >  a  for  a  >  1,  Fact  5.6  implies 

Fact  5.7:  For  k  >  2,  a  -F^m)  <  F£{m  +  a). 

Finally,  we  show  that 

Fact  5.8:  For  k  >  2,  Ak(m  +  1)  >  2Ak(m). 
(see  Appendix  3  for  the  proof). 

We  are  now  ready  to  prove 

Lemma  5.3  F£(m)  <  Ak(7m) 

Proof:  See  Appendix  3  for  the  proof. 

D 
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5.2     The  Sequences  S£(m): 

We  will  now  define  the  Davenport  Schinzel  sequences  of  order  5  that  we  will  use  to 
prove  our  lower  bound.  The  sequences  of  order  5  will  be  indexed  by  two  variables,  k 
and  m,  and  called  S'k(m).  The  sequence  S3k(m)  will  be  composed  of  N£(m)  symbols. 
As  in  the  case  a  =  4,  the  sequence  S'k(in)  will  bo  a  concatenation  of  Fk(m)  fans  of 
size  m,  where  a  fan  of  size  m.  is  composed  of  7//  distinct,  symbols  etj, ei2,  •  •  • , dm  mi^ 
has  the  form  {a1a2  ■  ■  •am-\amam-i  ••■a2a1),  so  its  length  is  2m  -  1.  In  our  con- 
struction, we  will  be  replacing  fans  in  certain  subsequences  by  Davenport  Schinzel 
sequences  of  order  5-2.  When  we  replace  a  fan  by  a  sequence,  the  sequence  will 
contain  the  same  symbols  as  in  the  replaced  fan,  and  the  first  appearance  of  these 
symbols  in  the  sequence  will  be  in  the  same  order  as  it  was  in  the  fan. 

We  will  define  S'k(m)  for  even  5    >    2,  and  integral  fc    >    1,  m    >    1.     The 
definition  of  Sk(m)  we  proceeds  inductively  as  follows 

I.  S{(m)  =  (12  •  •  •  m-lmm-1  ■■■  2  1)  for  s  >  2,  and  m  >  1. 

II.  S2k(m)  =  (1  2  •  ■  ■  m  -  1  m  m  -  1  •  •  •  2  1)  for  k,m  >  1. 

III.  To  obtain  S£(l)  for  k  >  1,  5  >  2  proceed  as  follows: 

(a)  Construct  the  sequence  S'  =  Ssk_1(Nk,Z21(2h-1)).  S'  has  F^N^i^)) 

fans,  each  of  size  Nkzl{2k~l). 

(b)  Replace  each  fan  of  S'  by  the  sequence  S£l?(2t_1)  using  the  same  set 

of  7V^~^(2*_1)  symbols  as  the  replaced  fan,  with  the  first  appearance  of 
symbols  in  the  same  order. 

(c)  Regard  each  element  of  the  resulting  sequence  as  its  own  singleton  fan. 

IV.  To  obtain  Ssk(m),  for  k  >  1,  s  >  2,  m  >  1,  we  proceed  as  follows: 

(a)  First  construct  the  sequence  Sk(m  —  1).   It  has  Fk(m  —  1)  fans,  each  of 

size  771  —  1. 

(b)  Create  2  •  F£*(F£(m  -  1))  •  Fsk_x(Nsk-_\{Fsk{m  -  1)))  distinct  copies  of  it, 

having  pairwise  disjoint  sets  of  symbols.  Duplicate  the  middle  element 
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of  carh  fan  in  t.lirsc  copies  of  .^jjf?"  —  1  )  anrl  r  on  catenate  nil  these  copies 
into  a  long  sequence.  CIn.ll  thin  sequence  S'.  These  copies  have 

2  •  F{(m  -  1)  •  Fg(F£(m  -  1))  •  FU(N£l(FZ(m  -  1)))  =  F^m) 

fans  altogether. 

(c)  Now  construct  the  sequence  S|_1(JVjJIi(i^(m  -  1))).  It  has 

FU(N'kZKFk(m-l))) 

fans,  each  of  size  NskZi{F£(m  -  1)). 

(d)  Replace  each  of  its  fan  of  it  by  the  sequence  SkZi(F£(m  —  1))  using  the 

same  set  of  N£Zi(F£(m  —  l))  symbols  as  in  the  replaced  fan,  making  their 
first  appearance  in  the  same  order.  Duplicate  the  middle  element  of  each 
fan  of  this  sequence;  these  fans  come  from  the  sequences  SlZi(F£(m— 1)) 
and  thus  have  size  F£(m  —  1).  Call  this  sequence  S*. 

(e)  Notice  that  the  sequence  S*  has 

2  •  F'k{m  -  1)  •  F^(FZ(m  -  1))  •  F^(N^(^(m  -  1)))  =  Fk(m) 

elements,  which  is  the  same  as  the  number  of  fans  in  5'.  To  obtain 
Sl(m),  insert  the  sequence  S*  into  the  sequence  5',  with  each  element 
of  5*  going  into  the  middle  of  a  corresponding  fan  of  S'.  The  fans  of 
Sl(m)  are  the  fans  of  S',  with  the  extra  symbol  from  S*  added  in  the 
middle. 

We  will  show  that  the  sequence  Ssk(m)  has  the  following  properties: 

(i)  Sjt(m)  is  composed  of  Nk(m)  symbols. 

(ii)  Ssk(m)  is  the  concatenation  of  Fka(m)  fans  of  size  m,  where  each  fan  is  composed 
of  m  distinct  symbols  aua2,-  ■  ■ ,  am  and  has  the  form 

(aia2  ■  ■  ■  am.iamam^i  ■  ■ -a2ai), 

so  its  length  is  2m  —  1. 

(iii)  Sk(m)  is  a  Davenport  Schinzel  sequence  of  order  s. 
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S*,  and  all  the  symbols  in  half  of  a  fan  are  distinct.  Thus,  between  two  a's  from 
the  sequence  S',  there  can  only  be  one  occurrence  of  b.  We  can  thus  get  at  worst 
the  alternating  subsequence 


We  must  now  show  property  (iv):  if  every  fan  in  Sk(m)  is  replaced  by  some 
Davenport  Schinzel  sequence  of  order  s  -  2  on  the  same  m  symbols  with  their 
first  appearances  remaining  in  the  same  order,  then  the  result,  is  still  n  Davenport 
Schinzel  sequence  of  order  s.  We  first  show  that  no  two  adjacent,  elements  arc 
the  same.  For  this,  it  suffices  to  show  that  the  first  element  of  every  fan  is  not 
contained  in  the  preceding  fan.  We  show  this  by  induction.  It  is  clearly  true  for 
S{(m),  Sftm),  and  SjJ(l).  The  first  symbol  in  a  fan  in  Ssk(m),  m  >  1,  is  the  first 
symbol  in  the  corresponding  fan  of  the  copy  of  Sk(m  —  1)  that  it  came  from.  The 
preceding  fan  either  contains  symbols  from  the  previous  copy  of  Sl(m  —  1)  or  from 
the  same  copy  of  Ssk(m  —  1).  In  the  first  case,  the  two  fans  share  no  symbols  from 
S'.  In  the  second  case,  the  first  symbol  of  the  fan  is  not  in  the  preceding  fan  by 
our  induction  hypothesis  (the  preceding  fan  has  been  extended  by  an  element  of 
S*,  not  of  5').  Thus,  when  every  fan  is  replaced  by  a  sequence  of  order  5  —  2, 
two  adjacent  elements  from  different  sequences  of  order  5  —  2  cannot  be  the  same. 
Two  adjacent  elements  within  a  sequence  cannot  be  the  same  by  the  definition  of 
a  Davenport  Schinzel  sequence.  Thus,  no  two  adjacent  elements  are  the  same. 

We  must  now  show  that  when  the  fans  are  replaced,  no  alternating  sequence 

a  b  . . .  a  b 

of  length  5  +  2  appears.  Suppose  that  such  a  sequence  appears  among  the  elements 
of  S'.  It,  must  appear  within  one  ropy  of  Sk(rn  —  1 ),  because  different,  copies  contain 
distinct  symbols  and  do  not  interleave.  If  we  delete  the  symbols  from  S*  in  this 
copy  of  Sk(m  —  1)  and  combine  equal  elements  that  have  become  adjacent,  we 
obtain  a  copy  of  Ssk[m  —  1)  where  all  the  fans  have  been  replaced  by  Davenport 
Schinzel  sequences  of  order  5  —  2,  with  symbols  making  their  first  appearance  in 
the  proper  order.  Such  a  sequence  cannot  contain  a  subsequence  of  length  5  +  2 
because,  by  condition  (iv)  applied  to  Sk(m  —  1),  it  is  a  Davenport  Schinzel  sequence 
of  order  s. 

When  all  the  fans  are  replaced  by  Davenport  Schinzel  sequences  of  order  5  —  2, 
a  subsequence 

a  b  . . .  a  b 
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(iv)  If  every  fan  in  S%.(m)  is  replaced  by  any  Davenport  Schinzel  sequence  of  order 
s  —  2  on  the  same  m  symbols,  with  the  first  appearances  of  these  symbols  in 
the  same  order,  the  resulting  sequence  is  still  a  Davenport  Schinzel  sequence 
of  order  s. 

Theorem  5.4  Sl(m)  satisfies  conditions  (i)-(iv). 

Proof:  By  induction  on  s,  k  and  m.  Assume  that  they  hold  for  S^^m')  with 
s'  <  s,  with  s'  —  s  and  k'  <  k,  or  with  s'  =  s,  k'  =  k  and  m!  <  m.  Checking 
properties  (i)  and  (ii)  is  straightforward  from  the  definition  of  the  functions  N%(m) 
and  F£(m).  Properties  (iii)  and  (iv)  obviously  hold  when  S£(m)  =  (12  •  •  •  m  — 
lmm  —  1  •••  21),  which  is  the  case  when  S£(m)  is  generated  by  method  I  or 
II  in  the  definition.  We  must  then  prove  that  (iii)  and  (iv)  hold  when  Sl(m)  is 
generated  by  method  III  or  IV. 

Consider  first  the  case  where  S£(l)  is  obtained  by  method  III.  We  must,  first 
show  that  SjJ(l)  is  a  Davenport  Schinzel  sequence-  of  order  .<».  This  is  true  because, 
by  our  induction  hypothesis,  property  (iv)  holds  for  the  sequence  5'^_1(7V^~ji(2i'_l )). 
The  sequence  S£(l)  is  obtained  by  replacing  every  fan  of  this  sequence  by  a  sequence 
of  order  5  —  2.  Property  (iv)  for  S£(l)  follows  trivially  form  property  (iii)  because 
all  fans  have  size  1. 

Consider  next  the  case  of  Sl(m),  when  obtained  by  method  IV.  We  first  show 
that  it  is  a  Davenport  Schinzel  sequence  of  order  s.  It  is  easy  to  check  that  the 
same  symbol  cannot  occur  twice  in  a  row,  because  the  duplicated  symbols  in  S' 
and  S*  always  have  an  element  of  the  other  sequence  placed  between  them.  It 
remains  to  check  that  Sl(m)  contains  no  subsequence 

a  . . .  b  . . .  a  . .  .  b  . . . 


s+2 


of  length  s  +  2,  where  a  ^  b.  If  a  and  b  are  both  from  5*  there  is  no  such  alternating 
subsequence  because,  by  property  (iv)  applied  to  the  sequence  Sl^N^ZliF^im  - 
1))),  S*  is  a  Davenport  Schinzel  sequence  of  order  s  with  some  elements  duplicated. 
If  a  and  b  are  both  from  5',  there  is  no  subsequence  of  length  5  +  2  because  5'  is 
the  concatenation  of  Davenport- Schinzel  sequences  of  order  s  on  pairwise  disjoint 
sets  of  symbols,  again  with  some  elements  duplicated.  This  leaves  the  case  when 
a  belongs  to  S'  and  b  to  S*  (or  vice  versa;  the  proof  for  both  cases  is  the  same). 
We  are  safe  here  too  because  into  each  copy  of  the  sequence  S£_j(m  —  1)  contained 
in  5',  we  have  only  inserted  either  the  ascending  or  the  descending  half  of  a  fan  of 
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of  length  5  +  2  cannot  appear  among  the  elements  of  5*  because  each  fan  of  S£(m) 
contains  only  one  element  of  S*.  Replacing  each  fan  by  a  subsequence  containing 
the  same  symbols  thus  cannot  introduce  any  new  alternations  among  the  elements 
of  S*. 

We  must  still  show  that  we  cannot  have  a  bad  subsequence 


of  length  s  +  2  when  a  belongs  to  S'  and  b  to  S*  (the  argument  for  the  reverse 
situation  is  identical).  Recall  that  for  each  copy  of  Ssk(m  -  1)  in  5',  a  different 
symbol  of  S*  is  added  to  each  fan.  Since  the  only  appearances  of  a  are  in  a  single 
copy  of  Sl(m  —  1),  we  can  restrict  our  attention  to  this  copy  and  assume  (in  the 
worst  case)  that  fe's  occur  on  both  sides  of  it.  The  symbol  b  can  appear  in  only 
one  fan  of  this  copy.  After  this  fan  is  replaced  by  a  Davenport  Schinzel  sequence 
of  order  5  —  2,  this  sequence  will  contain  at  worst  a  subsequence 

a  ...  b  ...  a  ...  b  ...  a  ... 


s-l 


of  length  s  —  1  (a  appears  first  because  b  was  the  middle  element  of  the  fan).  There 
may  be  a's  before  and  after  this  fan  within  the  copy  of  Sk(m  —  1),  and  6's  before  and 
after  this  copy  of  Sl(m  —  1).  We  thus  get,  at  worst,  the  alternating  subsequence 

b  a  {a  b  a  .  .  .   1>  a)  a  />, 

of  length  5  +  1.  Property  (iv)  thus  holds  for  S'k(m). 

a 

Remark:       The  above  proof  fails  for  odd  values  of  s.    In  particular,  the  last 

argument  depends  crucially  on  s  being  even,  so  that  the  alternating  sequence  of 
length  s  —  1  starts  and  ends  with  a. 

Theorem  5.5    When  n  >  .4(7), 

\s(n)  >  n-2K'a{n)^+Q>{n) 
where  Ks  =  7=57  and  Qs(n)  *5  a  polynomial  in  a(n)  of  degree  at  most  *=-. 
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Proof:  Let  n3k  =  N3k{l).  Then,  for  k  >  7,  we  have 

n{     =     N'k(l)  <  F£(l) 

<  F£(l)  <  Ak(7) 

<  A(k). 

We  first  show  that  JVjf(l)  >  JVjf_a(l),  since 

jvj(i)  =  ^_1(iv,':12(2fc-1))  >  a^i) 

Thus,  for  any  n,  we  can  find  k  such  that 


n£  <  n  <  nsk+1 


Put  r 


so 

t-n'k  <  n  <  (t  +  l)-nak  <   2t  ■  n'k 

Now,  using  Lemma  5.1 

K(n)     >  t-Xs(nsk)  >  t-\Ssk(l)\ 

=  t-F£(l) 

>  t  ■  Nsk{\)  ■  2P(M 

>  n-2pV°>')-1 

The  definition  of  P(k,  s)  gives 

P(a{n)  -  1,  5)  -  1  =  Ks  ■  a(n)'-^  +  Qs(n) 

where  Q,  is  a  polynomial  in  a(n)  of  degree  at  most  ^  and  A's  =  7357. 

2  • 
If  n  >  A(7),  then  we  have  a(n)  <  a(nk+1)  <  k  +  1.    Since  P  is  an  increasing 

function  of  k,  this  gives 

A5(n)     >     n  •  2p(a(")-M-i 

=     n  .  2A',ar(n)^_+£?«(n) 
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Appendix  1: 

In  this  appendix,  we  give  the  proofs  of  Lemmas  2.4  -  2.8. 
Lemma  2.4  For  all  k>\,  Ak{2)  =  4  and  Ak(Z)  >  2k. 

Proof:  First  consider  Ak(2).  For  k  =  1,  Ai(2)  =  2x2  =  4.  By  induction, 

Ak+l(2)     =     Ak(Ak+1(l)) 

=     Ak(2)  =  4. 

As  to  Afc(3),  For  k  =  1,  Aa(3)  =  6  >  2. 
For  k  =  2,  A2(3)  =  8  >  2  x  2. 
For  A:  >  2,  assume  the  inequality  is  true  for  all  k'  <  k,  then 

A*(3)     =  Afc_!(Afc(2)) 

=  A,_,(4)   =   Afc_2(Afc_,(3)) 

>  Afc_2(2(fc  -  1))   >   4(A--1) 

>  2k 


Lemma  2.5  For  all  n>\,  aa{n)+i(n)  5:  4. 

Proof:  By  the  definition  of  ak(n), 

aa(n)+i(n)     =     min{s  >  1  :  a^n)  =  1} 

=     min{5>l  :  a{:}n)(a(n))  =  1}  +  1 

By  Lemma  2.4,  aa(n)(a(n))  <  3,  therefore  after  applying  aQ(n)  once  more: 

a«(n)+i(n)  <  min  {  5  >  1  :  a$n)(4)  =  1}  +  2 

But,  by  Lemma  2.4,  at(4)  =  2.  Therefore 

™O(n)+l("0   <  4 

4C 


D 


Lemma  2.6  For  all  k  >  4  and  s  >  3, 

2'4k(s)  <  Afc_1(log(A*(5))) 

Proof: 

A^logiAkis)))     =     Ak^(Ak^(\og(Ak(s))  -  1)) 

=     Ak.2(Ak-2{Ak^(log(Ak(s))  -  2))) 
>     A2(A2(2ln*{Ak{s))-2)) 

Ak(s) 

=     A2(2-*-) 
For  x  >  16,  2*  >  x.  For  k  >  3  and  s  >  3,  Ak(s)  >  2?  =  16.  Therefore 

A^logiAkis)))  >  A2(Ak(s))  =  2A^ 


Lemma  2.7  Let  ffc(n)  6e  2°*(n'.    Then  for  k>3,n>  Ak+i{4) 

mm{s'  >1  :  ^(n)  <  Afc+1(4)}  <  2  •  a*+i(n)  -  2 


□ 


Proof:  We  first  prove  it  for  n  having  the  form  n  =  Ak+i{q)  by  induction  on  q.  It 
is  obvious  for  n  =  Afc+i(4)  as  the  left  hand  side  is  1.  Let  us  assume  it  is  true  for 
all  q'  <  q.  Now  consider  n  =  Ak+\(q  +  1). 


min  {  s'  >  1 

=     min  {  s'  >  1 
=     min  {  s'  >  1 

<     min  {  s'  >  1 


e[5)(-4fc+1(ry+l))  <  .4,+  1(4)} 
d5'\Ak(Ak+1(q)))  <  Afc+1(4)} 
^(^W)  <  Afc+1(4)}  +1 
^(^(logCAfc+aC?))))  <  Afc+1(4)}  +  1 
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(Using  Lemma  2.6) 
=     min{s'  >  1  :  &'\Ak+1(q))  <  AJfc+1(4)}  +2 
<     2-ak+1(Ak+i(q))  -2  +  2 

(By  inductive  hypothesis) 
=     2^-2  +  2  =  2- (9  +  1) -2 
=     2-ak+i(Ak+l(q  +  l))-2 

For  general  values  of  n, 

Ak+i(ak+i{n)  -  1)  <  n  <  Ak+i(ak+i(n)) 

and  also  ak+i(n)  =  0^+1(^+1  (a^+i(n))).  Therefore 

min{5'>  1  :  ##)(n)  <  Ajt+1(4)} 
<     min{5'  >  1  :  &'\Ak+1(ak+1(n)))  <  Ak+1(4)} 
=     2  -  ak+1(Ak+i(ak+i(n)))  -2 
=     2-ak+1(n)-2 


Lemma  2.8  For  all  k  >1,  n>  2,  /3k(n)  <  2ak{n). 

Proof:  For  fc  <  2,  it  follows  directly  from  the  definition  of  /3k(n).  For  k  =  3 

/33(n)  =  min{s' >  1  :  (a2  ■  a2)(s,)(n)  <  64} 

We  first  prove  this  for  n  of  the  form  A3((j).  For  r?  =  A3(2)  =  4,  and  n  =  A3(3)  =  16 
it  is  true  as  /33(n)  is  simply  1.  Assume  that  it.  is  true  for  some  9  >  3;  then 


(log2)^(A3(9  +  l))  <  64} 
(log2)«^(A2(.43(g)))  <  64} 
{log2 fs'\A,{q)  ■  A,(q))  <  64}  +1 
(log2)^(41og2A3(g))  <  64}  +2 


03(A3(q  +  l))     =  min{a'>l 

=  min  {  s  >  1 

=  min  {  s'  >  1 

=  min  {  s'  >  1 

For  9  =  3,  A2(q)  =  16  and  therefore  4  log2  ^.3(9)  =  64,  which  implies 

ih(M9  +  l))  =  3    <   2-a3(A3(q)). 
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For  q  >  3,  log  A3(q)  >  16  and  for  x  >  16,  4i2  <  21;  therefore 

fo(A3(q  +1))     <  min  {  s'  >  1  :  (log2)<s'>(A3(9))  <  64}  +  2 

=  &(A3(9))+2 

<  2a3{As{q))  +  2 

=  2a3(A3(g  +  l)) 

For  general  values  of  n, 

A3(a3{n)  -  1)  <  n  <  A3(a3(n)) 

and  a3(n)  =  a3(A3(a3(n))).    Using  the  same  argument  as  in  the  previous  lemma 
we  can  show  that  j33{n)  <  2a3(n). 

For  k   >   3,  n    <    Ak(4)   =  Ak-i(Ak(3)),  we  have  ak-i(n)   <   Ak(3)  and  by 
induction  hypothesis  /3k_i(n)  <  2Ak(3).  Hence 

afc-1(n).fc_1(n)  <  2A2(3). 
But  for  k  >  3,  Ak(3)  >  8  and  for  x  >  8,  2x2  <  21,  hence 

q     =    ak-i(n)  -/^(n) 

<  oAk{z)   -   oAk-l{Ak{2)) 

_     2'4k-l(4)   (Using  Lemma  2.4) 

<  A,_2(A,_1(4))   =  Afc_,(5) 

and  therefore 

a*_i(«)-ft-i(ff)  <  5x  10  <  64 

Thus  for  7i    <    Ak(4),  /3k(n)   <  2  which  clearly  implies  the  assertion.    For  n  > 
Ak(4)  =  Ak-i(Ak(3)),  we  have 

&(n)     =     min  {5'  >  1  :  (afc_,  •  fa^^n)  <  64} 

=     min  {  s'  >  1   :  q  =  (<**_!  •  &_:i)(i'>(n)   <  ^(4)}  + 
min{*>  1  :  (ak-X  •  &-i)%)  <  64} 

By  induction  hypothesis, 

ajfe_i(n')  •  #b_i(n')  <  afc_i(n')  •  2afc_!(n') 
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But  as  long  as  n'  >  A*(4),  we  have  afc_i(n')  >  A*(3)  >  8,  so  that 

afc_i(n')-^-i(n')     <     2o£_i("') 

2-*-»(»')   -  ^-!(n') 


Therefore 


&(n)      <     min{s'  >  1  :  q'  =  d-l(")  <  M*)}  + 
min{t>l  :  (a*-i  •  &-i)(V)  <  64} 

<  2-afe(n)-2+  ft(A*(4)) 

<  2-afc(n)-2  +  2 
=     2a*(n) 
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Appendix  2: 

In  this  appendix,  we  provide  the  proofs  of  properties  (P.3)-(P.5)  of  the  functions 
Fk(m). 

(P.3)  {^fc(m)}fc>i  is  strictly  increasing  for  a  fixed  m  >  1. 

Proof:  Indeed,  for  k  =  2,  F2(m)  =  3  •  2"1"1    >  1  =  F^m).  For  fc  >  2  and  m  =  1 

Ffc(l)     =     (2'-l)-F,_1(2'£-1) 

>  F,_1(2t-1) 

>  F*_i(l) 

Now  for  k  >  2,  m  >   1,  assume  the  assertion  is  true  for  all  k'  <  k  and  for  k'  =  k 

and  m'  <  m.  Then  we  have 

Fk(m)     =     2Fk(m-l)-Fk-1(Fk(m-l)) 

>  2Fk(m  -  1)  •  Ffc_!(m) 

>  Fjt_i(m) 


(P.4)  F/t(m)  >  Afc(m)  for  fc  >  2,  m  >  1. 

Proof:  Indeed,  for  k  =  2,  the  assertion  is  true  by  (P.l),  for  k  >  2,  m  =  1, 

Ffc(l)     =    (2fc-l)-Ffc_1(2fc-1)  >  2 
=    Ak(l) 

For  fc   >   2,  m  >   1,  assume  it  is  true  for  all  fc'  <  k,  and  all  fc'  =  k  and  m'  <  777. 
We  have 

Ft(m)     =  2FJk(m-l)-Ffc_1(FJt(m-l)) 

>  Ft-jCFjfcCm  -  1)) 

>  Afc-iC-AjkCm-l)) 

>  Mm) 
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(P.5)  2Fk(m)  <  Ak(m  +  4)  for  ifc  >  3,  m  >  1. 

Proof:  Indeed, 

F3(l)     =     (23-l)-F2(22) 

<  23  x  3  x  24 

<  93+2+4   <  216 

=     A3(4) 

Therefore  2™  <  2A^  =  A3(5). 
For  k  =  3  and  m  >  1,  assume  the  assertion  is  true  for  all  m'  <  m,  then 

F3(m)     =     2F3(m  -  1)  •  F2(F3{m  -  1)) 
<     F2(2F3(m  -  1)  •  F3(m  -  1)) 

<  92  _  92F3(Tn-l)-F3(m-l) 

<  92F3(m-l)-F3(m-l)  +  2 

<  94F3(m-1)-Fi("i-1) 

F3{m  -  1)  >  8,  therefore  4F3(w  -  1)  •  F3(m  -  1)  <  2'''1'"-1).  Thus 

F3(m)     <     22r3(m_1)   <  2^m+3) 
=     A3(m  +  4) 

Now  for  k  >  3  and  m  =  1, 

Ffc(l)     =     (2k-l)-Fk.l(2k-')   <2k-Fk^(2k-1) 
<     Fk^{2k-2k)  <  F,_1(22i) 

Therefore, 

2^(D  <  2F*-^  <  Ak^{22k+A) 

But  for  fc  >  4, 

A*(4)     >     A3(Afc(3))  >  A3{2k)  (By  Lemma  2.4) 

=    A2(A3(2k  -  1))  >  A2(2(2fc-1)) 
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For  jfc  >  4,  2(2k  -  1)  >  2k  +  1,  so 

Afc(4)     >     A2(2ifc  +  1)  =  22fc+1 
>     22fc  +  4 

and  thus 

2F*(1)  <  Afc_a(Afc(4))  <  Ak(b) 

Finally  for  k  >  3  and  m  >  1,  assume  the  assertion  is  true  for  all  k'  <  k  and  m  >  1 
and  for  k'  =  k  and  m'  <  m,  then 

Ffc(m)     =     2Fk(m-l)'Fk-1(Fk(m-l)) 
<     FJt_1(2F*(m  -  1)  •  Fk(m  -  1)) 


Thus  2/;*''")     <  2/'*-,'2/'''('"_,'''''''T,l_1" 

<  .4,_,  (27'  ',(m  -  1)  •/;.(»/;.-  l)+4) 

<  Ajfc_i(2Ffc(m-1))  (because  Fk(m  -  1)  >  F4(l)  >  15] 

<  Ak-i(Ah(m  +  3)) 

<  A,t(m  +  4) 
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Appendix  3: 

In  this  appendix,  we  provide  proofs  of  some  properties  of  the  auxiliary  functions 
used  in  obtaining  the  lower  bounds  for  As(n). 

Fact  5.3:  For  k  >  2,  Dk  <  2^k~2\ 

Proof:  We  prove  this  by 

k       nj-l  k       oj  —  1 


i=12^-l     -         £2*»-4 


n?B2(2j  - 1) 

nJ=2(2i+i-4) 

ni2(2j-i) 


4*-1  •  nj=i1(2^"  - 1) 

2fe  —  1 


4<:-l 

<     2-fc+2. 


D 


Fact  5.4:  For  k  >  2, 

P(fc,s)  =  £P(t,*-2)  +  fc-2. 

i  =  l 

Proof:  We  prove  this  by  induction.  It  is  clearly  true  when  k  =  2,  since  all  terms 
in  the  summation  are  zero.  Now,  assume  this  is  true  for  all  k'  <  k.  Then 

k-\  fe-2 

£P(»,  5-2)  +  ib-2     =     l  +  P(Jfc-l,a-2)  +  £P(t,  s-2)  +  &-3 

=     1  +  P(fc-1,  s-2)  +  P(Jfc-l,  s) 

■1+l(4T')+g(V) 
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wliirli  is  whiit.  we  wrrc  trying  Lo  prove. 

D 


Fact  5.8:  For  k  >  2,  Ak(m  +  1)  >  2Ak(m). 

Proof:  This  is  clear  for  k  =  2.  For  k  >  3,  we  assume  it  is  true  for  smaller  k.  This 
gives 

Ak(m  +  1)     =     Ak-i(Ak(m)) 

>  2Ak-1(Ak(m)  -  1) 

>  2A*_1(Afc(m  -  1)) 

=     2Ak(m) 

a 


Lemma  5.2  For  all  s,  Fj?(m)  >  Ffc'(m). 

Proof:    We  proceed  using  induction,  Facts  5.1  and  5.2,  and  the  inequality  m  ■ 

Fk(m)  >  Nfrn),  which  follows  from  Lemma  5.1. 

For  k  —  1  or  s  =  2,  the  theorem  is  trivial  since  F[{rri)  =  F^(m)  =  1. 

We  now  assume  that  we  have  shown  this  for  smaller  5,  for  smaller  k  with  the 
same  s,  and  for  smaller  m  with  the  same  k  and  s.  For  m  =  1,  we  have 

*T(1)     =  (2k-l).F^1(2k-l)-F^1(Nskzl('2k-i)) 

<  (2k  -  1)  ■  F^_1(2i-1)  •  F^_1(2*-1  ■  F-12(2fc-1)) 

<  (2*  -  1)  •  Fr_1(2fc"1)  •  F^*"1  •  Fr_1(2fc-1)) 

<  (2*  -  1)  •  Fr_1(2fc"1)  •  Fr_1(2fc"1  •  FT_i(2fe-1)) 
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Similarly,  for  k,m  >  1,  we  have 
FZ(m)     =     2FZ(m-l)-FZ:21(FZ(m-l))-FZ_l(N>k:UFZ(m-l))) 

<  2i^(m  - 1)  •  *E?(*r(m  - 1))  •  iti^r? w(«  - 1))) 

<  2F?{m  -  1)  •  Ft_r(F?{m  -  1))  •  ^(^(m  -  1)  •  F^FfC™  -  1))) 

<  2F?(m  -  1)  •  Ft^{Ft{m  -  1))  •  F^F^m  -  1)  •  F?_x(F?(m  -  1))) 

=   J?(m) 

D 


Lemma  5.3 


F?(m)  <  ^*(7m) 


Proof:  We  first  show  several  horrible  inequalities  on  Fu!.  Using  Facts  5.5  through 
5.7  extensively,  wc  see  that  for  k  >  3, 

F?(l)     =  (2fc-l)-JT_1(2fc-1)-i^_1(2fc-1.i^_1(2*-1)) 

<  F?_l(k  +  2k-l)-FZ_l(F^(k-l  +  2k-1)) 

<  F?_1(2-FZ_1(k  +  2k-1)) 

<  Fk-i(Fk-i(k  +  l  +  2k-1)) 

<  F^F^F^k))) 

The  last  step  follows  since 

*£-i(l)  >  2fc_1  - 1  >  k  for  k  >  3. 

Similarly,  for  k  >  3, 

P?(m)     =     2-Fr(m-l)-Fr_1(Fr(m-l))-Fr_](Fr(m-l)-Fr_1(Fn^-D)) 
<     2  •  FT_,(2  •  F£Ym  -  1 ))  •  FT  i ( F?  , (2  •  FJTm  -  1 ))) 
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<  2-l^_1(2..F£_1(2-.F?(m-l))) 

<  FZ_1(l  +  2-F?_1(2-F?(m-l))) 

<  F^(4  ■  F^(2  ■  F^(m  -  1))) 

<  JP;_1(F;_1(2  +  2.F-(m-l))) 

<  Fr_1(Fr_1(4-Fr(m-l))) 

<  ^(^(^(^(m-l)))) 

This  last  step  follows  from  the  inequalities  F^_1(x)    >    2Z    >    4x  when  x    >    4, 
k  >  3  and  f^(x)  >  2k  -  1  >  4  when  fc  >  3. 

We  will  now  show  F£(m)  <  Ak(7m).  This  is  easy  for  k  =  1  and  fc  =  2.  For 
A:  >  3,  we  assume  that  it  is  true  for  A-',  m'  when  k'  <  k  and  when  k'  =  k  and 
m'  <  m.  This  gives 

17(1)     <  ^i(^.(^lW-i(l)))) 

<  i4*_i(7  •  Afc_!(7  •  Afc_i(7  •  Afc_!(7)))) 

<  Afc_i(8  •  i4*_i(7  •  Afc_x(7  •  A,_a(7)))) 

<  Afc_,(Afc_i(3  +  7  •  Afc_j(7  ■  Afc_!(7)))) 

<  A^A^-iCie  •  A,_a(7  •  Afc_!(7)))) 

<  AJt_1(Afc_1(Afc_1(4  +  7-Aib_1(7)))) 

<  A*_i(A*_1(i4*_1(A*_1(ll)))) 

<  Afc_1(Afc-i(AJfe_1(Afc_1(Afc_1(Afc_i(2)))))) 
=  A*(7) 

Similarly,  for  77?  >  1,  we  get 

*?(m)    <  ^LiCJE-iCi^iWCm-l)))) 

<  Afc_x(7  •  Ak.i(7  ■  Afc_!(7  ■  A,(7m  -  7)))) 

<  Afc-^Ajfc-^S  +  7  •  Afc_a(7  ■  .4fc(7m  -  7)))) 

<  Afc_1(Afc_1(Afe_1(4  +  7  •  Afc(7m  -  7)))) 

<  Afc_1(Afc_1(AJfc_1(Afc(7m-3)))) 
=  A*(7m) 


57 


c.2 


^S^tS*  lower 

general   Lvl    len<?th   of 


c.2 


-  NYU  COMPSCI  TR-332 
Agarwal,  P 

-  Sharp  upper  and  lower 

bounds  on  the  length  of 
=  aeneral  Davenport-Schmzel 


genei 


O^A±t=B2CrS^JW^ 


APft    4 

FOURTEEN    DAYS 

e  book  is  kept  overtime 


This  book  may  be  kept'  < 
ACne»^  be  charged  for  each  day  th 


